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1 Introduction 

Starting with the work [15] and continuing in: [6], [7], [18] [11], [4], [5], the vahdity of Cardy's 
formula [8] - which describes the hmit of crossing probabihties for certain percolation models 
- and the subsequent consequence of an SLEe description for the associated limiting explorer 
process has been well established. The purpose of this work is to provide some preliminary 
quantitative estimates. Similar work along these lines has already appeared in [3] (also see 
[13]) in the context of the so-called loop erased random walk for both the observable and the 
process itself. Here, our attention will be confined to the percolation observable as embodied 
by Cardy's formula for crossing probabilities. 

While in the case of the loop erased random walk, estimates on the observable can be 
reduced to certain Green's function estimates, in the case of percolation the observables are 
not so readily amenable. Instead of Green's functions, we shall have to consider the Cauchy 
integral representation of the complexified crossing probability functions, as first introduced 
in [15]. As demonstrated in [15] (see also [2] and [11]) these functions converge to conformal 
maps from the domain under consideration - where the percolation process takes place - to 
the equilateral triangle. Thus, a combination of some analyticity property and considerations 
of boundary value should, in principal, yield a rate of convergence. 

However, the associated procedure requires a few domain deformations, each of which 
must be demonstrated to be "small" , in a suitable sense. While such considerations are not 



important for very regular domains (which we will not quantify) in order to consider general 
domains, a more robust framework for quantification is called for. For this purpose, we shall 
introduce a procedure where all portions of the domain are explored via percolation crossing 
problems. This yields a multi-scale sequence of neighborhoods around each boundary point 
where the nature of the boundary irregularities determines the sequence of successive scales. 
Thus, ultimately, we are permitted to measure the distances between regions by counting 
the number of neighborhoods which separate them. This procedure is akin to the approach 
of Harris [12] in his study of the critical state at a time when detailed information about the 
nature of the state was unavailable. 

Ultimately we establish a power law estimate (in mesh size) for the rate of convergence 
in any domain with boundary dimension less than two. (For a precise statement see the 
Main Theorem below.) As may or may not be clear to the reader at this point the hard 
quantifications must be done via percolation estimates - as is perhaps not surprising since 
we cannot easily utilize continuum estimates before having reached the continuum in the 
first place. The plausibility of a power law estimate then follows from the fact that most a 
priori percolation estimates are of this form. 

Finally, we should mention, it has come to our attention (via reference no. 83 in [16] and 
also a seminar abstract) that similar results have been announced by Mendelson, Nachmias, 
Sheffield, Watson; however, at the time of this present paper, we know of no other definitive 
writings on this subject. 

2 Preliminaries 

2.1 The Models Under Consideration 

We will be considering critical percolation models in the plane. However in contrast to the 
generality professed in [4], [5] - where, essentially, "all" that was required was a proof of 
Cardy's formula, here the mechanism of how Cardy's formula is established will come into 
play. Thus, we must restrict attention to the triangular site percolation problem considered 
in [15] and the generahzation provided in [11]. These models can all be expressed in terms 



2 



of random colorings (and sometimes double colorings) of hexagons. As is traditional, the 
competing colors are designated by blue and yellow. 

We remind the reader that criticality implies that there are non-trivial (bounded away 
from and 1) bounds on crossings of squares in both blue and yellow and that via the so- 
called Russo-Seymour-Welsh estimates, these generate scale-invariant bounds on crossings 
of longer rectangles. 

2.2 The Observable 

Consider a fixed domain Q C C that is a conformal rectangle with marked points (or prime 
ends) A, B, C and D which, as written, are in cyclic order. We let denote the lattice 
approximation at scale e = to the domain Q. The details of the construction of 0„ - 
especially concerning boundary values and explorer processes - are somewhat tedious and 
have been described e.g., in [5] §3 & §4 and [4] §4.2. For present purposes, it is sufficient to 
know that Q„ consists of the maximal union of lattice hexagons - of diameter 1/n - whose 
closures lie entirely inside Q; we sometimes refer to this as the canonical approximation. We 
shall also have occasions later to use discrete interior approximating domains which are a 
subset of fin- Moreover, boundary segments can be appropriately colored and lattice points 
An - Dn can be selected. We consider percolation problems in 

The pertinent object to consider is a crossing probability: Performing percolation on 
we ask for the crossing probability - say in yellow - from (A„, i?„) to (C„, Dn)- Below we list 
various facts, definitions and notations related to the observable that will be used throughout 
this work. In some of what follows, we temporarily neglect attention to the marked point 
An and regard Q„ with the three remaining marked points as a conformal triangle. 

o Let us recall the functions introduced in [15], here denoted by Sb,Sc,Sd where e.g., 
Sb{z) with z e Q„ a lattice point, is the probability of a yellow crossing from (D„, S„) 
to (-B„, Cn) separating z from (C„, Dn)- Note that it is implicitly understood that the 
Sb, Sc, S'lj-functions are defined on the discrete level; to avoid clutter, we suppress the 
n index for these functions. Moreover, we will denote the underlying events associated 
to these functions by SB,Sc,Si3, respectively. 
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o It is the case that the functions Sb,Sc, Sd are invariant under color switching: these 
models exhibit color switching symmetry (see [15] and [11]). While it is not essential 
to the arguments in this work, we sometimes may take liberties regarding whether we 
are considering a yellow or blue version of these functions. 

o It is also easy to see that e.g., Sb has boundary value on (C„, -D„) and 1 at the point 
Bn- Moreover, the complexified function Sn = Sb + tSc + t'^Sd, with r = e^"/^, 
converges to the conformal map to the equilateral triangle with vertices at 1,t, r^, 
which we denote by T. (See [15], [2], [5].) 

o For finite n, we shall refer to the object Sn{z) as the Carleson-Cardy-Smirnov function 
and sometimes abbreviated CCS-function. 

o We will use : ^ T to denote the unique conformal map which sends {Bn,Cn, D„) 
to (1, T, T^). Similarly, if : Q — > T is the corresponding conformal map of the continuum 
domain. 

o With An reinstated, we will denote by the crossing probabihty of the conformal 
rectangle and its limit in the domain Q; i.e., Cardy's Formula in the limiting 
domain. 

o Since Sc{An) = 0, 

Sn{An) = SB{An) + T^SoiAn) = [<Sb(A„) - ^SoiAn)] - i^SoiAn). 

Now we recall (or observe) that can be realized as SoiAn) and so from the previous 
display, — ' ^^[Sni^n)]- Since it is already known that S'„ converges to H (see 
[15], [2], [5]) it is also the case that = ■ lTLa[H{A)]. Therefore to establish a rate 
of convergence of ^„ to ^oo, it is sufficient to show that there is some t/j > such that 

\Sn(An)-H(A)\<n-^; 

o The functions Sn are not discrete analytic but they do have discrete analytic properties. 
(See [15], [2] and [11].) In particular, this is exhibited by the fact that the contour 
integral around some discrete contour r„ behaves like the length of r„ times n to some 
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negative power. Also, the functions Sn are Holder continuous with estimates which are 
uniform for large n. For details we refer the reader to Definition 4.1. 

Our goal in this work is to acquire the following theorem on the rate of convergence of 
the finite volume crossing probability, to its limiting value: 

Main Theorem. Let ^ be a domain and Q„ its canonical discretization. Consider the site 
percolation model or the models introduced in [11] on the domain In the case of the 
latter we also impose the assumption that the boundary Minkowski dimension is less than 2 

(in the former, this is not necessary) . Let be described as before. Then there exists some 
ip > such that converges to its limit with the estimate 

provided n > no(Jl) is sufficiently large and the symbol < is described with precision in 
Notation 2.1 below. 

Notation 2.1 In the above and throughout this work, we will be describing asymptotic 
behaviors of various quantities as a function of small or large parameters (usually n in one 
form or another). The relation X <Y relating two functions X and Y of large or small 

parameters (below denoted by M and m, respectively) means there exists a constant c which 
is of order unity independent of m and M such that for all M sufficiently large and/or m 
sufficiently small X{m, M) < c • Y{m, M). 

Remark 2.2. The restrictions on the boundary Minkowski dimension for the models in [11] 
is not explicitly important in this work and will only be implicitly assumed as it was needed 
in order to estabhsh convergence to Cardy's Formula. 

Remark 2.3. It would seem that complementary lower bounds of the sort presented in the 
Main Theorem are actually not possible. For example, in the triangular site model, the 
crossing probabilities for particular shapes are identically | independently of n. 

We end this preliminary section with some notations and conventions: (i) the notation 
dist(-, •) denotes the usual Euclidean distance while the notation dsup{-, •) denotes the sup- 
norm distance between curves; (ii) we will make use of both macroscopic and microscopic 
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units, with the former corresponding to an £ —> approximation and the latter corresponding 
to n — > oo, thereby measuring distances relative to the size of a hexagon. Thus, n = 
- while analytical quantities are naturally in macroscopic units, it is at times convenient to 
use microscopic units when performing percolation constructions; (iii) we will use oi, 02, . . . 
to number the powers of n appearing in the statements of lemmas, theorems, etc. Constants 
used in the course of a proof are considered temporary and duly forgotten after the Halmos 
box. 

3 Proof of the Main Theorem 

Our strategy for the proof of the Main Theorem is as follows: recall that if„ is the conformal 
map from Q„ to T (the "standard" equilateral triangle) so that C„, Dn map to the three 
corresponding vertices, where it is reiterated that ^„ corresponds to a boundary value of 
Sn- Thus it is enough to uniformly estimate the difference between Sn and and then the 
difference between and H. 

Foremost, the discrete domain may itself be a bit too rough so we will actually be working 
with an approximation to which will be denoted by fl^ (see Proposition 3.2). Now, on 
Q^, we have the function associated with the corresponding percolation problem on 
this domain and, similarly, the conformal map : fl^ ^ T. Via careful consideration 
of physical (i.e., Euclidean) distances and distortion under the conformal map, we will be 
able to show that both \Sn{An) — S^{A^)\ (for an appropriately chosen e and 
\H{A) — H^{A^)\ are suitably small (see Theorem 3.3). Thus we are reduced to proving a 
power law estimate for the domain Q^. 

Towards this goal, we introduce the Cauchy-integral extension of 5*°, which we denote 
by F°, so that 



Now by using the Holder continuity properties and the approximate discrete analyticity 
properties of the (S^'s, we can show that, barring the immediate vicinity of the boundary, 
the difference between F° and is power law small (see Lemma 3.5). It follows then that 
in an even smaller domain, Jl*, which can be realized as the inverse image of a uniformly 
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shrunken version of T, the function F° is in fact conformal and thus it is uniformly close to 
if*, which is the conformal map from fl* to T (see Lemma 3.9). 

Now for z G the dichotomy wc have introduced is not atypical: on the one hand 
F^{z) is manifestly analytic but does not necessarily embody the function 5'° of current 
interest. On the other hand, S^{z) has the desired boundary values - at least on - but 
is, ostensibly, lacking in analyticity properties. Already the approximate discrete analyticity 
properties permits us to compare to S'^ in fi*. In order to return to the domain Q^, we 
require some control on the "distance" between and (not to mention a suitable choice 
of some point A* e dfl^ as an approximation to A) . It is indeed the case that if fl* is close 
to Q° in the physical (i.e., Hausdorff) distance, then the proof can be quickly completed 
by using distortion estimates and/or Holder continuity of the S function. However, such 
information translates into an estimate on the continuity properties of the inverse of F^, 
which is not a priori accessible (and, strictly speaking, not always true). 

Further thought reveals that we in fact require the domain to be close to in both 
the conformal sense and in the sense of "percolation" - which can be understood as being 
measured via local crossing probabilities. While with a deliberate choice of a point on the 
boundary corresponding to A we may be able to ensure that either one or the other of the 
two criteria can be satisfied, it is not readily demonstrable that both can be simultaneously 
satisfied without some additional detailed considerations; it is for this reason that we will 
introduce and utilize the notion of Harris systems (see Theorem 3.10) in order to quantify 
the distances between and 

The Harris systems are collections of concentric annular segments of various scales cen- 
tered on points of 9^7^ and heading towards some "central region" of Q^] they are constructed 
so that uniform estimates are available for both the traversing of each segment and the exis- 
tence of an obstructing "circuit" (in dual colors). This leads to a natural choice of A*: it is 
a point on dQ* which is in the Harris system of A^. Consequently, the distance between A^ 
and A* - and other such pairs as well - can be measured vis a counting of Harris segments 
(see Lemma 3.12). 

Specifically, we will make use of another auxiliary point, A^, which is also in the Harris 
system stationed at A^, chosen so that it is inside the domain Q*. The task of providing 
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an estimate for \S^iA^) - S^{A^)\ (and thus also \F^{A^) - S^{A^)\) is immediately 
accomplished by the existence of suitably many Harris segments surrounding both A^ and A'^ 
(see Proposition 3.15). Also, considering n to be fixed, the domain can be approximated 
at scales <^ and the estimates derived from the Harris systems remain uniform 
in N as N tends to infinity (corresponding to "continuum percolation" on thus also 
immediately implying an estimate for \H^{A^) — if°(A^)| (see Proposition 3.14). 

At this point what remains to be established is an estimate relating the conformal map 
, which is defined by percolation at scale n via F^, and H^, the "original" conformal 
map. It is here that we shall invoke a Marchenko theorem for the triangle T (see Lemma 
3.16): indeed, again considering Q° to be a fixed domain and performing percolation at 
scales <^ n"^, we have by convergence to Cardy's Formula that S^j^{s) — >■ H^{s) as 
A?" ^ oo, for all s e dQ^. The inherent scale invariance of the Harris systems permits us 
to establish that in fact 5*1^^(5) is close to dT, uniformly in A^ (see Lemma 3.18) and thus, 
H^{dfl^) is close to dT (in fact in the supremum norm). Armed with this input, the relevant 
Marchenko theorem applied at the point immediately gives that if°(A^) — if*(74^) is 
suitably small. 

The technical components relating to the Cauchy-integral estimate and the construction 
of the Harris systems are relegated to Section 4 and Section 5, respectively. As for the rest, 
we will divide the proof of the main theorem into three subsections, corresponding to: 

(i) the regularization of the boundary (introduction of Q^) and showing that crossing 
probabilities are close for the domains fl^,fln ^ ^] 

(ii) the construction of the Cauchy-integral and the construction of the domain fl* ; 

(iii) the establishment of the remaining estimates needed to show that the domains and 
fl^ are suitably close, by using the Harris systems of neighborhoods. 

3.1 Regularization of Boundary Length 

We now introduce the domain C Q^^. The primary purpose of this domain is to reduce 
the boundary length of the domain that need be considered. 
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Definition 3.1. Let 1 > oi > and consider a square grid whose elements are squares of 
(approximately) microscopic size n"-^ and let Q° denote the union of all (hexagons within 
the) squares of this grid that are entirely within the original domain fl. 

We have: 

Proposition 3.2 Let D, C. C be a domain with boundary Minkowski dimension less than 
1 + a' with a' e [0, 1], which we write as M{dQ) < 1 + a for any a > a' . Then the domain 

satisfies VL^ C f2„ and 

Proof. Since M{dQ) < 1 + a we have (for all n sufficiently large) that the number of boxes 

required to cover dVt is essentially bounded from above by (n^~''^)^"^° which is then multiplied 
by ^{i-ai) ) the size of the box (in macroscopic units). The fact that C VLn is self- 
evident. □ 

Next we will choose A^, B^^ C^, G dQ^ by some procedure to be outlined below and 
denote by 5"^ the corresponding CCS-function. Particularly, this can be done so that the 
crossing probabilities do not change much: 

Theorem 3.3 Let O!^ C n„ with marked boundary points {An, ■ ■ ■ , Dn) be as described, so 
particularly dfl^ is of distance at most from dfln- Then there is an as well as 

B^, C° and such that the corresponding satisfies, for some 02 > and for all n 
sufficiently large, 

l^n(A.)-5°(A°)|<n-«^ 

and, moreover, 

\H{A)-H^{A^^)\<n-'^^. 

Renicirk 3.4. In the case that the separation between A„ and 9Q„ is the order of - 
as is usually imagined - facets of Theorem 3.3 are essentially trivial. However, the reader 
is reminded that An could be deep inside a "fjord" and well separated from In this 

language, the forthcoming arguments will demonstrate that, notwithstanding, an may 
be chosen near the mouth of the fjord for which the above estimates hold. 
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Proof of Theorem 3.3. For 77 > and a subset X C we will denote by Nr,{K) the 
77-neigliborliood of K intersected with Q. Now let us first choose rj sufficiently small so that 

[[B, C, D] U N^^(B) U N4r,(D) U 7V4r,(C)] n N4r,(A) = 0, 

where [B, C, D] denotes the closed boundary segment containing the prime ends B, C, D. 

Next we assume that n> Uo where Uo is large enough so that for all n > no, A„ e N^{A) 
,...,Dne N^iD). Moreover, Q°nA^^(^) and similarly for Q°nA^^(S), . . . , Q°nA^^(D). 
Then, since 

< dist(([A B] \ N,{A)), {[D, A] \ N,{A))) 

it is assumed that for n > rio, the above is very large compared with ri"^^""^^ and similarly for 
the other three marked points. Finally, consider the uniformization map (/? : D — > Q. Then 
taking rio larger if necessary, we assert that for all n > rio, the distance between ip~^{N,^{A)) 
and [(p~^{N4j^{A))Y satisfies 

dist[ip-\Nr,{A)), [ip-\N4r,{Am » n-i (3.1) 

We first state: 
Claim. For n > Uo, 

dist{Nr,{A),[Bn,Cn,Dn]) > 0. 

Proof of Claim. We note that the pre-image of 9Q„ under uniformization has the following 

property: for n sufficiently large as specified above, consider the segment Lp^^{[An, Bn])- 
Then starting at ip~^{An), once the segment enters ip~^{N^{Bn)), it must hit ip~^{Bn) before 
exiting ip-'^{N4r,{Bn)). 

Indeed, supposing this were not true, then necessarily, there would be three or more 
crossings of the "annular region" (/?~^(A^4^(S„)) \ ip~^ (Nrj{Bn)) . It is noted that all such 
crossings - indeed all of ip~^{iln) ^ lies within a distance of the order n~^/^ of 9D. This 
follows by standard distortion estimates (see e.g., [14], Corollary 3.19 together with Theorem 
3.21) and the definition of canonical approximation: each point on dfln is within distance 
1/n of some point on dft. It is further noted, by the final stipulation concerning rio, that 
the separation scale of the above mentioned "annular region" is large compared with the 
distance n^^/^. 
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Consider now a point on the "topmost" of these crossings which is well away - compared 
with n"^/^ - from the lateral boundaries of the annular region and also the pre-image of 
its associated hexagon. Since this point is the pre-image of one on dQnj the hexagon in 
question must intersect dfl and therefore its pre-image must intersect 9D. However, in 
order to intersect dB>, the pre-image of the hexagon in question must intersect all the lower 
crossings, since our distortion estimate does not permit this pre-image to leave (a lower 
portion of) the annular region. This necessarily implies it passes through the interior of Qn, 
which is impossible for a boundary hexagon. 

The same argument also shows that once (f~^{dfln) exits (fi~^{N4^{Bn)), it cannot re- 
enter ip~^{Nj^{Bn)) so therefore must be headed towards ip~^{Cn) and certainly cannot enter 
(p-'^{Nr,{A)) since 

dist{ip-\N,{A)), ip-\[B, C, D] U [N,,{B) U N^^{D) U N^rj{C)]) » n'^/^ 

by assumption (by the choice of 77, it is the case that [B, C, D] U [A^4j,(i?) UN^j^{D) UiV4^(C)] C 
[A^4j,(A)]'^ from which the previous display follows from Equation (3.1)). 

Altogether we then have that dist{ip~^{N^{A)),ip~^{[Bn,Cn, Dn])) > 0, and so the claim 
follows after applying (p. 

□ 

The above claim in fact implies that there exist points G [A^, -B„] and A'^ e [A^, -D„] 
such that 

and 

dist{Ai,dn^), dist(A^,an°) < 

Indeed, consider squares of side length n°'^ intersecting dfln which share an edge with dfl^ 
and have non-trivial intersection with N^{A), then since 9Q„ passes through such boxes, 
we can unambiguously label them as either an an [A„, box, or both, and by 

the claim there are no other possibilities. Therefore, a pair of such boxes of differing types 
must be neighbors or there is at least one single box of both types, so we indeed have points 
A^,A^ as claimed. Finally, by the stipulation 

« dist(([A B] \ N,{A)), {[D, A] \ N,{A))) 
11 



it is clear that these points must he in Nr,{A) since otherwise they would have a single label: 
either [A^jS^] or [An,/}^]. Thus we choose e dQ^ to be any representative point near 
the {A^,A^) juncture. Now consider the scale n"^ with 1 > 03 > ai. We may surround the 
points A^, A^ and A^ with the order of log2 disjoint concentric annuli each of which 

forms a conduit between D„] and [A^, -B„]. Let A denote the event that at least one of 
these annuli houses a blue circuit, then we have 

P(^) > 1 - n-"* (3.2) 

for some 04 > 0. Similar constructions may be enacted about the Bn, B^; . . . ; pairs 
leading, ultimately, to the events B, . . . ,7) analogous to A with estimates on their probabil- 
ities as in Eq.(3.2). For future reference, we denote by £ the event Af] ■ ■ ■ DV. 

We are now in a position to verify that |S'„(A„) — 5*1^^(74^)1 obeys the stated power law 
estimate. Indeed, the C-component of both functions vanish identically while the differences 
between the other two components amount to comparisons of crossing probabilities on the 
"topological" rectangles [^4^, C„, D„] verses C°, There are two crossing 

events contributing to the (complex) function S'„(A„) (and similarly for S^{A^)) but since 
the arguments are identical, it is sufficient to treat one such crossing event. Thus we denote 
by Kn the event of a crossing in 0„ by a blue path between the [A^, Dn] and [B^, Cn] 
boundaries (the event contributing to -S'b (>!„)) and similarly for the event K° for a blue 
path in It is sufficient to show that |P(IK°) — P(K„)| has an estimate of the stated form. 

The greater portion of the following is rather standard in the context of 2D percolation 
theory so we shall be succinct. Without loss of generality we may assume that S^{A^) > 
SsiAn) since otherwise the Sd functions would satisfy this inequality and we may work with 
Sd instead. For the ease of exposition, let us envision [An, Bn] and B^] as the "bottom" 
boundaries and the D, C pairs as being on the "top" . 

Let r denote a crossing between [A^,D^] and [5°,C°] within Q° and let r^n G K° 
denote the event that F is the "lowest" (meaning [A^, i?^]-most) crossing. These events form 
a disjoint partition so that P(IK°) = Yliv ^(^n I ' ^^(rKn)- From previous discussions 
concerning A^, A^, we have that F{S) > 1 — which we remind the reader, means that 
with stated probability these crossings do not go into these corners and hence there is "room" 
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to construct a continuation. 

Let as > fli denote another constant which is less than unity (recall that in micro- 
scopic units dist(9f2^, dQn) ^ n"-^). Then, to within tolerable error estimate (by the Russo- 
Seymour- Welsh estimates) it is sufficient to consider only the crossings F with right endpoint 
a distance in excess of n"^ away from C° and left endpoint similarly separated from 

Let r^i and Tc denote these left and right endpoints of F, respectively. Consider a 
sequence of intercalated annuli starting at the scale - or, if necessary, in shght excess 
- and ending at scale n"^ (where ostensibly they might run aground at C^) around Fc- A 
similar sequence should be considered on the left. Focusing on the right, it is clear that 
each such annulus provides a conduit between F and dQn that runs through the [S°,C°] 
boundary of Let 7^ denote an occupied blue circuit in one of these annuli and similarly 
for 7^ on the left. 

The blue circuit 7,. must intersect F and, since e.g., F^ is at least n"" away from A^, D^, 
these circuits must end on the boundary so that the portion of the circuit above F 

forms a continuation to similar results hold for To and 7^ and the crossing continuation 
argument is complete. As discussed before, we may repeat the argument for the other crossing 
event contributing to the ^'-functions, so we now have that |5'„(A„) — S!^{A^)\ < for 
some > 0, concluding the first half of the theorem. 

The second claim of this theorem, concerning the conformal maps Hn{An) and H^{A^) 
in fact follows readily from the arguments of the first portion. In particular, we claim 
that the estimate on the difference can be acquired by an identical sequence of steps by 
the realization of the fact that the S'-function for a given percolative domain which is the 
canonical approximation to a conformal rectangle converges to the conformal map of said 
domain to T ([15] , [2], [5]). 

Thus, while seemingly a bit peculiar, there is no reason why we may not consider Q„ 
to be a fixed continuum domain and, e.g., for N > n, the domain ^.^^n to be its canonical 
approximation for a percolation problem at scale N~^. Similarly for f2^jv. Of course here 
we underscore that e.g., A^, . . . are regarded as fixed (continuum) marked points which 
have their own canonical approximates A° j^, . . . D^ jv ^^"^ have no constructive relationship 
between them and the approximates A„ ;v ■ ■ ■ -Dn,Ar- 
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It is now claimed that uniformly in N, with N > n and n sufficiently large the entirety of 
the previous argument can be transcribed mutatis mutantis for the percolation problems on 
fi„jv and N- Indeed, once all points were located, the seminal ingredients all concerned 
(partial) circuits in (partial) annuli and/or rectangular crossings of uniformly bounded aspect 
ratios and dimensions not smaller than n"^. All such events enjoy uniform bounds away 
from or 1 (as appropriate) which do not depend on the scale and therefore apply to the 
percolation problems on fln,N and fi^N We thus may state without further ado that for all 
N > n (and n sufficiently large) 

\Sn,NiAn,N) " 'S'°^(A°jv)l < — (3-3) 

and so \Hn{An) - H^{A^)\ < n'"^ as well. 

Finally, since the relationship between Q„ and is the same as that between Q° and Jl„ 
(both Q° are inner domains obtained by the union of shapes (squares or hexagons) of 
scale a power of n from fl, fin, respectively) the same continuum percolation argument as 
above gives the estimate that \Hn{An) — H{A)\ < n~°''^ . 

□ 



3.2 The Cauchy— Integral Extension 

We will now consider the Cauchy-integral version of the function S^- Ostensibly this is 
defined on the full Q° however as mentioned in the introduction to this section, its major 
role will be played on the subdomain which will emerge shortly. 

Lemma 3.5 Let and be as in Proposition 3.2 so that 

where M{dQ) < 1 + a. For z & fl^ (with the latter regarded as a continuum object) let 

^°^^) = 9^^ ^^C- (3.4) 
Jdna Q-z 

Then for a\ sufficiently close to 1 there exists some (3 > such that for all z E fl^ (meaning 
lying on edges and sites offl^) that dist{z,dVL^) > di for some di > a power of , 
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The proof of this lemma is postponed until Section 4.2 and we remark that while -S'^ is 
only defined on vertices of hexagons a priori, it can be easily interpolated to be defined on all 
edges, as discussed in Section 4. We will now proceed to demonstrate that is conformal 
in a subdomain of 0°. Let us first define a slightly smaller domain: 

Definition 3.6. Let be as described. Let di > he some power of n~^, as required by 
Lemma 3.5 and define, for temporary use. 



We immediately have the following: 

Proposition 3.7 For n sufficiently large, there exists some (3 > > (with j3 as in 
Lemma 3.5) such that 



Proof. Let us first re-emphasize that maps to dT. This is in fact fairly well known 
(see e.g., [2] or in [5], Theorem 5.5) but a quick summary proceeds as follows: by con- 
struction is continuous on dfl^ and e.g., takes the form Ar + (1 — A)t^ on one of the 
boundary segments, where A represents a crossing probability which increases monotonically 
- and continuously - from to 1 as we progress along the relevant boundary piece. Similar 
statements hold for the other two boundary segments. 

Now by Lemma 3.5, F^^^z) is at most the order away from S^{z) for any z G dfl®, 
so the curve F^{dQ®) is in fact also that close to S^{dQ®) in the supremum norm. Finally, 
by the Holder continuity of up to dfl^ (see Proposition 4.3) and the fact that dfl® is a 
distance which is an inverse power of n to it follows that S^{dQ®) is also close to OT 
and the stated bound emerges. □ 

Equipped with this proposition, we can now introduce the domain Q*: 

Definition 3.8. Let 04 > be such that /3 > 03 > 04 (with 03 > as in Proposition 3.7) 
and let us denote by 




{^en°:dist(^,af]°) >di}. 



dsup{F^{dn®),dT)<n 



(1 - n-"^) ■ T 



15 



the uniformly shrunken version of T. Finally, let 

and denote by (S*, C*, D*) the preimage of (1 — • (1, r, r^) under F°. 

Lemma 3.9 Let and etc., be as described. Then is conformal in fi*. Next let 
: fi* — > T be the conformal map which maps {B^l^ , D*) to (1,t, r^). Then for all 

\F^{^)-H:{z)\<n--\ 

Proof. Let Kn :— F^{dO,®) and let us start with the following observation on the winding 
of X„: 

Claim. If w e T*, then the winding of Kn around w is equal to one: 

Proof of Claim. The result is elementary and is, in essence, Rouche's Theorem so we shall 
be succinct and somewhat informal. Foremost, by continuity, the winding is constant for 
any w e T*. (This is easily proved using the displayed formula and the facts that the 
winding is integer valued and that Kn is rectifiable.) Clearly, since &T and Kn are close in 
the supremum norm, it follows, by construction (for an argument see the end of the proof of 
Proposition 3.7 and use the fact that F^ only differs from if* by a small scale factor) that 
OT* and Kn are also close in this norm. 

Let ZK{t) and z^{t), < t < 1 denote parameterizations of Kn, and OT* that are 
uniformly close moving counterclockwise. For z^, this starts and ends on the positive real 
axis and we let 0^{t) denote the evolving argument of z^{t) (with respect to the origin as 
usual): < 0^{t) < 27i. We similarly define 6K{t): in this case, we stipulate that |^i^(0)| is 
as small as possible - and thus approximately zero - but of course 6K{t) evolves continuously 
with zxit) and therefore ostensibly could lie anywhere in (—00,00). But |^4(i)| and [-^^(i)! 
are both of order unity (and in particular not small) and they are close to each other. So it 
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follows that \0^{t) — Oxit)] must be uniformly small, e.g., within some with < ■»? <^ tt for 
all t e [0, 1]. Now, since ^♦(1) - ^♦(0) = 27r, we have 

|W^(i^n,0)-l 

so we are forced to conclude that W{Kn, 0) = 1 by the integer-valued property. The pre- 
ceding claim has been estabhshed. □ 
The above implies that F^^ is in fact 1-1 in from Definition 3.8 we see that as is 
chosen so that (for n sufficiently large) n~°''^ is large compared with n~"^ (from the conclusion 
of Proposition 3.7) so that (which is clearly a continuous and possibly self-intersecting 
curve) lies outside T*. Now fix some point ^ e and consider the function h^{z) :— 
F^{z) - -F°(0. Next parametrizing dO!^ := 7 as 7 : [0, 1] C, noting that F°(0 e and 
using the chain rule we have that 

By the argument principle, the last quantity is equal to the number of zeros of in the 
region enclosed by 7, i.e., in The desired one-to-one property is estabhshed. 

We have now that |q* is analytic, maps in a one-to-one fashion onto T*. Therefore 
F^ In* is the conformal map from fi* to T* (mapping i?*, C*, to (1 — n~"*) • (1, r, r^), 
the corresponding vertices of T*). Thus by uniqueness of conformal maps we have that 
Hn — i-n-'^i ' ij^n In*) ^ud the stated estimate immediately follows. □ 

3.3 Harris Systems 

We will now introduce the Harris systems: 

Theorem 3.10 (Harris Systems.) Let VL^ C fl be as described with marked boundary points 
A,B,C,D e dfl and let z be an arbitrary point on dfln- Further, let 2 A denote the supremum 
of the side-length of all squares (oriented with the lattice axes) contained in D,, and let Da 
denote a square of side A with the same center as a square for which the supremum is 
realized. 



27r 



27r 



2?? 

< — < 1, 
- 27r ' 
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Then there exists some F > such that for all n > n{Q) sufficiently large, the following 
holds: around each boundary point z e there is a nested sequence of at least F ■ log n 
neighborhoods the boundaries of which are segments (lattice paths) separating z from D^. We 
call this sequence of neighborhoods the Harris system stationed at z. The regions between 
these cuts (inside D,^) are called Harris ring fragments (or just Harris rings). 

Further, there exists some < ■»? < 1/2 such that in each Harris ring, the probability of 
an occupied path (in blue or yellow) separating z from Da is uniformly bounded from above 
and below by 'd and 1 — respectively. 

Also, let J denote the the d^o-distance (see Definition 5.1) between successive segments 
forming a (generic) relevant Harris ring and let B > be such that the probability of a hard 
way crossing of a B by 1 rectangle (in both yellow and blue) is less than . The following 
properties hold: 

1. for r = r{'d) > sufficiently large (particularly, 2~^J < B) the Harris rings can be 
tiled with boxes of scale ■ J and there is a main body of full boxes (unobstructed) 
which connect the segments forming the Harris rings; 

2. successive segments Y, Yq satisfy 

< ||r||o < liriloo < 45 ■ J, 2-V < IIFqIIo < IIIqIIoo < 4S • J; 

3. let a be point in the Harris systems centered at such that the number of Harris 
rings between a and D^ is of order logn. Let A{a) denote the event of a blue (or 
yellow) circuit surrounding both a and A^ with endpoints on [A^,B^] and A^]. 
Then there exists some constant A > such that 

¥{A{a)) > 1 - n-^; 

Similar estimates hold at the points B^, C^, D^ and hence the the estimate also holds 
for the intersected event, by FKG type inequalities ( or just independence ); 

4. finally, all estimates are uniform in lattice spacing in the sense of considering 0° to 
be a fixed domain and performing percolation at scale N~^. 
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Proof. The constructions required for the estabhshment this theorem is the content of Section 
5. That there exists at least of order logn such neighborhoods follows from the fact that 
each point on dQ^ is a distance at least A from Da and so proceeding towards in a 
"straight" tunnel and increasing the scale each time by the maximum allowed while fixing 
the aspect ratio already leads to of order log n such neighborhoods. 

Finally, items 1 and 2 follow from Theorem 5.6 and Subsection 5.4, item 3 follows from 
the above together with Lemma 5.10 and item 4 is a direct consequence of the scale invariance 
of critical percolation. □ 

Let us start with the quantification of the "distance" between the corresponding marked 
points of fl^ and Q^: 

Proposition 3.11 is in the Harris system stationed at B^. Moreover, there exists 
some K > such that there are at least k ■ log n Harris rings from this Harris system which 
enclose B* . Similar statements hold for C* , . 

Proof. The argument that B^ is indeed in the Harris system stationed at B^ and the argu- 
ment that there are many Harris rings enclosing are essentially the same. 

First we have that by Lemma 3.5 and Definition 3.8 that e.g., \S^{B^)\ > l—n~"'^—n~^ > 
1 — (recall that /3 > 03 > 04). On the other hand, let us consider the "last" Harris ring 
separating from B^ which forms a conduit from and [S°,C°], c.f.. Theorem 

3.10, item 3. We may enforce a long way crossing with probability (as in Theorem 3.10) 
and then via a box construction and a "large scale" crossing as in the proof of Lemma 3.12 
the said crossing can be connected to [C^,D'\l] in blue, i.e., there is some V > Q such that 
the latter connection occurs with probability in excess of n~'^^ , if the number of Harris rings 
enclosing B* were less than 7 • log n. 

Since such a blue connection renders a yellow version of the event S'^(S*) impossible, 
we conclude that there must be more than a^/V Harris rings enclosing i?*, for n sufficiently 
large. Similar arguments yield the result also for C*, D^. □ 

More generally, we have the following description of the distance between and : 
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Lemma 3.12 Let s e dQ^ and z = z{s) the point on dQ^ which is closest to s (in the 
Euclidean distance). Then there exists some k > such that in the Harris system stationed 
at z, there are at least n ■ logn Harris rings that enclose s. 

Proof. Let us denote A := dist(s, z). First, logically speaking, we must rule out the possibility 
that s is outside the Harris system stationed at z altogether: if this were true, then it would 
imply that dist(s,91]°) = A > (since Harris circuits plug into dVL^ the point s can only 
be outside the Harris system at z altogether if it is "beyond" the last Harris segment which 
parallels dD^; see Theorem 3.10) which then readily imphes that all of the -S-functions are 
of order unity: indeed, in this case S^{s),S^{s) and S^{s) can all be bounded from below 
by large scale events of order unity (consider e.g., the crossing of a suitable annulus whose 
aspect ratio is order unity with s on the boundary of the inner square and the outer square 
touching dVt^ (from inside O^) together with yet another couple of crossings from the inner 
square of this annulus to a larger rectangle which enclose all of which would place s well 
away from the boundary of Q* by Definition 3.8 and Lemma 3.5. Thus s is in a Harris ring 
of z. 

If the separation - measured in number of Harris rings - between s and D/^ is not so 
large, then we will show that |S'^(^)| is larger than a small inverse power of n. We will 
accomplish this by constructing configurations which lead to the occurrence of all three 
events corresponding to S^,^,S% with sufficiently large probability. To this end we will 
make detailed use of the Harris system. 

Let J denote the separation distance of the Harris segments which form the ring con- 
taining s and let r > be as given in Theorem 3.10. Now note that if the statement of the 
lemma were false, then there would be abundantly many Harris rings separating z from s. 
Consider the boxes of size 2"'^ J which grid the ring containing s. Let us observe that there 
are three cases: 1) the main type, s is contained in a full box which is connected to the 
cluster which percolates through the ring (sec Theorem 3.10, item 1); 2) the partial type, 
meaning that s is in a partial box, i.e., a box invaded by d^l^] 3) s is in a full box which is 
separated from the cluster of main types of percolating boxes by a partial box. 

Let us rule out the possibility of 2) and 3). Case 2) is impossible since it implies that 
dist(s, z) = dist(s, dfl^) < 2~^J whereas s and z are separated by at least one ring of scale 
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at least B~^J (see Theorem 3.10, item 2) which, by the choice of B is strictly larger (see 
Theorem 3.10, item 1): indeed, if s and z were in the same ring, then with probability in 
excess of (some constant times) 1 — nr^ , with V as in Theorem 3.10, the occurrence or not 
of the events contributing to 5*^, Sq, would be the same for both s and z (c.f., the proof 
of Proposition 3.15 below) but then by Lemma 3.5 and Definition 3.8, it is the case that 
l'^n(-^) ~ '5'n(s)| ^ ~ which is a contradiction if 04,^ are appropriately chosen 
relative to V. 

Similar reasoning shows that 3) is also not possible: indeed, since z is the closest point 
to z and s must lie along a straight line segment which lies in and this segment must 
pass through the partial box in question (i.e., the "bottleneck") which separates s from the 
percolating body of boxes. Prom previous considerations regarding 2~^J (the scale of the 
boxes) versus dist(s, z), it is clear that there is a point on within this partial box which 
is closer to s than contradiction. 

Thus, we find s in the main percolating body of boxes and, similar considerations in fact 
places s in a box which is separated from (specifically the portion of forming the 
blue boundary of this ring containing s) by several layers of boxes. 

We shall now proceed to construct, essentially by hand, any of the events S^(s), S^(s) 
or S^(s) corresponding to the functions 5*^, Sq, 5*^, respectively, with "unacceptably large" 
probability. 

It is understood that the constructions that follow utilize the main body of boxes per- 
colating through a given Harris ring fragment, as detailed in Theorem 3.10, item 1. Por 
convenience, we will base our construction on 3 x 1 bond events. 

We remark, again, that arguments of this sort have appeared before, e.g., at least as far 
back as [1], so we will be succinct in our descriptions. The events are described as follows: 
let us assume, for ease of exposition, that three neighboring boxes form a horizontal 3x1 
rectangle. The bond event - in yellow - would then consist of two disjoint left-right yellow 
crossing of the 3x1 rectangle together with two disjoint top-bottom yellow crossings in each 
of the outer two squares. It is seen that if a pair of such rectangles overlap on an end-square, 
and the bond event occurs for both of them, then, regardless of the orientations, there are 
two disjoint yellow paths which transmit from the beginning of one to the end of the other. 
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I.e., these "bonds" have the same connectivity properties as the bonds of 1? and provide us 
with double paths. 

Starting with the square containing s we may suppose there is (or construct) a yellow 
ring in the eight boxes immediately surrounding and encircling this square. Via the bond 
events just described, we connect this encircling ring to the outward boundary of the Harris 
annulus to which s belongs. Each of these events - which are positively correlated - incurs 
a certain probabilistic cost. However, it is observed, with emphasis, that since the relative 
scales of the Harris ring and the bonds used in the construction are fixed independent of the 
actual scale, the cost may be bounded by a number independent of the actual scale. 

Similarly, we may use the bonds to acquire a double path across the next (outward) ring 
and the two double paths may be connected to form a continuing double path by explicit 
use of a "patch" consisting of the smaller of the two bond types. Again, since the ratio 
of scales of (boxes of) successive Harris rings are uniformly bounded above and below, the 
probabilistic cost does not depend on actual scale. The procedure of double crossing via 
bond events and patches can be continued till the boundary of Da is reached; thereupon, 
treating Da and its vicinity as an annulus in its own right, the two paths can be connected 
to separate boundaries at an additional cost of order unity. 

Now let us assume for the moment that s G [B* , C*], so that by Lemma 3.5 and Defini- 
tion 3.8 it is the case that S^{s) < C ■ {n~°"^ + n~^) for some constant C > 0, so denoting by 
eT^ (for some V > the uniform bound on the cost of one patch and one annular crossing via 
the double bonds, if k > is sufficiently small so that Q-'^viogn ^ ^-kV ^ (j . (^-a4 ^ ^-/3-) 
then it is evidently not possible that s G [i?*,C*]. By cyclically permuting the relevant 

C, D labels, the cases where s G [C*, D*],s G [D*, 5*] follow similarly. □ 

The ensuing arguments will require an auxiliary point somewhat inside ^2*, which we 
will denote A'^: 

Definition 3.13. Let $7°,^*, etc., be as described. Let 77 > be a number to be specified 
in Proposition 3.14. Then we let Af^ be a point in the Harris ring which is separated from 
B>A by 7] ■ log n Harris segments. Moreover, A'^ is in the center of a main type box of this 
ring. Here we are referring to boxes described in Theorem 3.10, item 1 and the meaning of 
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main type is as in the proof of Lemma 3.12. 

Proposition 3.14 There exists some rj > such that if is as in Definition 3.13, then 
there exists some 7 > such that 

1. \S^{A^)-S^{At)\<n-'^; 

2. \HS{A^)-H^iAZ)<n-\- 

In particular, with appropriate choice of 7, ^4^ is strictly inside . 

Proof. First let us establish item 1. It is claimed that for any configuration in which the 
event A{A'^) - of a blue circuit connecting [D°,74°] to [74°,S°] which surrounds both A^ 
and A^ (as described in Theorem 3.10, item 3) - occurs, then the indicator function of the 
yellow version of §^(A^) is equal to that of S^(A^). Indeed, for the 5'^-component, which 
always vanishes for A^, the requisite event in yellow is directly obstructed by the blue paths 
of A{A'^). As for the rest, for either of the differences in the B or D components to be 
non-zero, there must be a long yellow path separating A^ from A'^ heading to a distant 
boundary, but this separating path is preempted by the blue event A{A^). We may thus 
conclude that 

E(|%An)-IsS(A^)l l^(^^)) = (3.5) 

(where denotes the indicator) which together with Lemma 3.12 and Theorem 3.10, item 

3 gives the result. 

As for item 2, recalling the discussion near the end of the proof of Theorem 3.3, wc may 
consider fl^ to be a fixed continuum domain and, e.g., for N > n, the domain fl^,N to be its 
canonical approximation (together with appropriate approximations for the marked points 
A^,B^, etc.) for a percolation problem at scale N~^. We will consider the corresponding 
CCS-functions S^j^ on the domains ^nN- 

Let us now argue that the arguments for item 1 persist, uniformly, for all N sufficiently 
large. First, it is emphasized that all the results follow from the occurrence of paths in 
each Harris ring, which has probability uniformly bounded from below. We claim that 
this remains the case for percolation performed at scale N~^. Indeed, while the scales of 
the Harris rings were constructed existentially to ensure uniform bounds on crossings at 
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scale n~^, it is recalled that these rings are gridded by boxes of scale relative to the 
rings themselves (see Theorem 3.10, item 1). Thence, using uniform probability crossings in 
squares/rectangles, etc., the necessary crossings can be constructed by hand as in e.g., the 
proof of Lemma 3.12. 

For the last statement, we invoke an argument similar to that in the proof of Lemma 3.12. 
Recapitulating the construction, we acquire a lower bound on the probability of occurrence 
of any of the events associated with the ^'-functions for A^. Finally, since is close to F° 
by Lemma 3.5 the latter of which is used to define dfl^, with appropriate choice of power 
of n, A'^ can be placed in the interior of fl*. □ 

Proposition 3.15 There exists some > such that 

\F^iAt)-S^{A^)\<n-^^. 

Proof. This follows immediately from Proposition 3.14, item 1 and Lemma 3.5. □ 

Finally, we will need a result concerning the conformal maps and H^. First we state 
a distortion estimate: 

Lemma 3.16 Let e > and let K C T be a domain whose boundary is a Jordan curve 
such that the sup-norm distance between dK and OT is less than e. We consider K to be a 
conformal triangle with some marked points Kb, Kc, Kd such that \ Kb — '^\ < e, \Kc—t\ < e, 
\Ki:, — r^l < e, and let qk denote the conformal map from K to T mapping {Kb, Kq, Kjj) 
to (1, T, T^). Then for z E K it is the case that 

\gK{z)-z\<[e-\og{l/e)]'/\ 

Proof. The result for the disk (without the power of 1/3) is a classical result going back to 
Marchenko (for a statement see [17], Section 3) and of course, we can transfer our hypotheses 
to the disk by applying a conformal map 4>, which maps T to the unit disk such that 
(f)(0) — 0. The map does not increase the distances, because it is smooth up to the 
boundary everywhere but at 1, r, and r^, where it behaves locally like e^, which in fact only 
decreases the distances. 
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We are almost in a position to directly apply Marchenko's Theorem except for a few 
caveats. First of all Marchenko's Theorem requires a certain geometric condition on the 
tortuosity of the boundary of which is manifestly satisfied under the assumption that dK 
and the boundary of the triangle are close in the sup-norm distance. 

Secondly, Marchenko's Theorem is stated for some map with /i<:(0) = and /j^ (0) > 0, 
and we have a possibly different normalization. Specifically, we have some map Gk '■ (f>{K) — > 
D so that (j)'^ o Gk o = qk, so it suffices to check that Gk has approximately the correct 
normalizations (indeed, the conformal self-map of the unit disc mapping a point a to the 
origin takes the form e'^ • (^f^))- 

Since 0(0) = and l+r+r^ = it is the case that 0~^((1 -e) •0(XB + Xc + -f^^D)) is close 
to and also close to w := ^-^((l - e) • 0(Xs)) + 0"^((1 - e) • 0(Xc)) +0"^((1 - e) • 0(i^D)); 
since it is also the case that gKiKs) + gK{Kc) + gKiKo) is close to 0, we have that Gk{w) 
is close to 0. So wc now have that Gk{z) is close to some e''^z for some fixed 9. But since 
4>{Kb) is close to 4>{1), and so zo '■— 0~^((1 — ^)4>{Kb)) is close to both 1 and e~*^Gi^(l), it 
follows that |e^^ - 1| < e • log(l/e). 

Finally, in transferring the result back to the triangle, the behavior near the vertices of 
the triangle requires us to replace the distances by their cube roots. □ 

Remcirk 3.17. We remark that for our purposes, we can in fact avoid the fractional power: 
indeed, we shall only use this result at the point A^, which we remind the reader is chosen 

to be in the Harris system stationed at and by Lemma 5.10 we may assert that it is 
within a fixed small neighborhood of and therefore outside fixed neighborhoods of the 
other marked points. 

Lemma 3.18 There exists some Qq > such that for all n sufficiently large, 

\H:{At)-H^{At)\<n-'^^. 

Proof. Denoting by Gn the conformal map mapping H^{Q'^^) to T with (iJ|^(i?*), if^(C*), 
H!^{D^)) mapping to (l,r, r^), we have by uniqueness of conformal maps that 

H* = GnO H^. 
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The stated result will follow from Lemma 3.16, and in order to utilize this lemma, we need to 
verify that {H^{B^), H^{C*), H^{D^)) is close to (1, r, r^) and to show that the sup-norm 
distance between d[H!^ {dfl'^)] and dT is less than n^'^ for some 7 > 0. The first statement is 
a direct consequence of Proposition 3.11: since O(logn) Harris rings surround both B* and 
B^, by an argument as in the proof of Proposition 3.14, their values differ by an inverse 
power of n and the result follows since S^{B^) = 1; similar arguments yield the result for 

As for the second statement, first we have by Lemma 3.5 and Lemma 3.9 that the 
distance between and dT is less than (some constant times) n""'' + n~^; we 

emphasize that here we in fact have closeness in the sup-norm since both lemmas yield 
pointwise estimates. Next, as near the end of the proof of Theorem 3.3, we may consider 
to be a fixed continuum domain and, e.g., for N > n, the domain il^^v to be its canonical 
approximation (together with appropriate approximations for the marked points A^,B^, 
etc.) for a percolation problem at scale A^~^. We will consider the corresponding CCS- 
functions jS^jy on the domains ^n,N- 

We claim that there exists some 7 > such that uniformly in N for N sufficiently large, 
the sup-norm distance between d[S^ j^{dil'^J] and &I is less than n~'^. Indeed, from Lemma 
3.12, we know that for each point s on (9^2*, there are k ■ logn Harris rings stationed at z{s) 
which separate it from the central region D/^. While by fiat S^^j^^^{dfl*) is close to OT, we 
shall reprove this using the Harris systems since we require an estimate which is uniform in 
N. We start with the following observation concerning the central region Da'. 

Claim. For n sufficiently large, with probability of order unity independent of n, there 
are monochrome percolative connections between Da and any or all of the three boundary 
segments. 

Proof of Claim. Consider the domain Q with marked points B,C,D, viewed as a conformal 
triangle. It is recalled that Da is roughly half the size of the largest circle which can be fit 
into fl. Let us focus on two of the three marked points, say B and D. We now mark two 
boundary points on Da and denote them by b and d and consider two disjoint curves which 
join B to b and D to d, thereby forming a conformal rectangle. Since the aspect ratio of 
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said rectangle is fixed, it therefore follows, by convergence to Cardy's Formula, that for n 
sufficiently large, there is a uniform lower bound on the discrete realization of the desired 
connection. Similar arguments apply to the other two boundary segments. □ 

Claim. Consider s G dVl* and the Harris system stationed at z{s) G 90^, as in Lemma 
3.12) which, without loss of generality, wc assume to be in [i?^, D"^]. Then there exists some 
fixed constant T < oo such that all but T of the Harris segments have at least one endpoint 
on and either accomplishes S^) or for both s and z{s) or have both endpoints on 

Similar statements hold if z belongs to the other boundary segments. 

Proof of Claim. Let us first rule out the possibility that too many Harris segments have 
endpoints on [5°, C°, D^]. It is noted that each Harris segment of this type in fact separates 
all of [B^, D^] from D/^. Thus, if there are say T such Harris segments, then the probability 
of a connection between Da and would be less than (1 — -f?)^, with > as in 

Theorem 3.10. It follows from the previous claim that T cannot scale with n. 

Finally, if there are too many Harris segments with one endpoint on but ac- 

complishes neither S'^ nor S'^, then necessarily the other endpoint must be on [i?|^,C|^] or 
[C^,!^^] in such a way that the Harris segment separates Z^a from [i?^,C|^] or [C^,^^]. 
The same reasoning as in the above paragraph then implies that this also cannot occur "too 
often". □ 

We also note that there cannot be Harris segments of confiicting "corner types" since the 
Harris segments are topologically ordered and cannot intersect one another. 

We can now acquire the needed conclusion that the Harris rings themselves force S^^^{s) 
to be close to OT. The essence of the argument can be captured by the (redundant) case 
N — n, so let us proceed. Consider then s G dVt^ and the Harris system stationed at 
z{s) G as above which, without loss of generality, we assume to be in [B^,D^]. Then 
we claim that \S^{z{s)) — S^(ys)\ < n~'^. Indeed, from the previous claim, the possible landing 
locations for "most" of the Harris segments are very limited and in all cases (including the 
possibility of a "mixed" case) conditioned on the existence of paths in the appropriate color 
in the Harris segments, the indicator functions of all (S'^-events are the same for both s and 
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z{s). 

Let us now argue that the above argument persists, uniformly, for all N sufficiently 
large. First, it is emphasized that all arguments follow from the occurrence of paths in 
each Harris ring, which has probability uniformly bounded from below. We claim that this 
remains the case for percolation performed at scale N~^. Indeed, we reiterate, these rings 
are gridded by boxes of scale 2"'' relative to the rings themselves (see Theorem 3.10) and 
using uniform probability of crossings in squares/rectangles, etc., which is characteristic of 
critical 2D percolation problems, the necessary crossings can be constructed by hand as in 
e.g., the proof of Lemma 3.12. 

Now by convergence to Cardy's Formula (or rather, the statement that the CCS-function 
converges uniformly on compact sets to the conformal map to T) it is the case that 5'° jv(s) — >■ 
H^{s). Uniformity in s follows from the fact that 0* C Q° is a fixed (for n fixed) compact 
set, c.f.. Section 5 in [5]. Wc conclude therefore that each point on dQ* maps to a point 
sufficiently close to dT, and since d[H^{dfl*)] is a curve, it easily follows that the Hausdorff 
distance is small. 

However, we require the stronger statement that the relevant objects are close in the 
sup-norm. We will now strengthen the above arguments to acquire this conclusion. Let us 
define the set of all points which are chosen as the z{s) (the closest point to s) for some s in 
{dfl*)N (the approximation to dfl^ at scale N~^): 

:= {z e I 3s e (aO*)iv, z = z{s)}. 

Let us first observe that a priori is a discrete set of points on OT which we may 
consider to be a curve by linear interpolation. For simplicity let us consider the portion of 
dT corresponding to the [C, D] boundary, i.e., the vertical segment connecting r and r^. Let 
us focus attention on 'S'°jv([C°^, -D°jv] ^ Zn). By monotonicity of crossing probabihties, it 
is the case that these points are ordered along the vertical segment. 

Now our contention is that there are no substantial gaps between successive points: 

Claim. Let u > he such that n"'^ » n"*^, where k, as above is such that |-S'°jv(s) — 
'S'n,Ar(^("5))l ^ Then for all > n, it is the case that the maximum separation between 
successive points of S'^^^dd^^j^, D^^^] H Z^) is less than n~''. 
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Proof of Claim. Suppose there are two points xi,X2 G [C^^nj -^n,iv] ^ say with S^j^{xi) 
below S^^{x2) separated by a gap in excess of n~'' . Let us denote by Si,S2 G {dVl^^)^ 
the points corresponding to Xi,X2^ respectively. Next consider the | ■ n^^ neighborhoods of 
5'°jv(si) and -S'°jv(s2) and consider the points "between" si and S2 (there must be points 
between si and S2 since |<S'„,Ar(si) — 'S'„^iv(s2)| ^ — n"'^ so if they were neighbors, then 
their 5"°^ values for n sufficiently large would be unacceptably large relative to the above 
inequality). 

If these points all have 5'^jY~value which lie in the | ■n~^ neighborhoods described above, 
then there would be a neighboring pair whose 5°^^ values are separated by | • n"'', which 
would again be unacceptably large. We conclude therefore that there exists some point 
between si and S2 with S'^jy value outside these neighborhoods and therefore a point in 
whose S'^jy value lies between those of Xi and X2. This is a contradiction. □ 

Finally, let us describe the parametrization. Let us denote by L^at the number of points in 
Zn then we may parametrize say the vertical portion of OT by having, for t — j, the curve on 
the j^^ site of Z^, linearly interpolating for the non-integer times. Similarly, we parametrize 
the corresponding portion of S^j^{{dQ*) n, so that pairs of points at integer times correspond 
to their s,z{s) pair. The above claim then implies that with this parametrization, the two 
curves are within at all times. We have verified that S^^j^{{dfl*)N) is sup-norm close 
to dT, uniformly in A^. 

The stated result now follows from Lemma 3.16. □ 

Proof of the Main Theorem. The required power law estimate for the rate of convergence of 
crossing probabilities now follows by concatenating the various theorems, propositions and 
lemmas we have established. Let us temporarily use the notation A ~ S to mean that A 
and B differ by an inverse power of n. 

Starting with Sn{An), we have that Sn{An) ~ S^{A^) by Theorem 3.3; S^{A^) ~ 
5°(4t) by Proposition 3.14, item 1; S^{At) ~ by Lemma 3.5; F^{A^) ~ //♦(A^) 

by Lemma 3.9; H^{A^) ~ H^{Af^) by Lemma 3.18; H^{A^) - H^{A^) by Proposition 
3.14, item 2; finally, H^{A^) ~ H{A) by Theorem 3.3. 

□ 
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4 cr— Holomorphicity 



The main goal in this section is to estabhsh the so-called Cauchy integral estimates which is 
one of the more technical aspects required for the proof of Lemma 3.5. We will address such 
issues in somewhat more generality than strictly necessary by extracting the two properties 
of functions of the type Sn{z) which are of relevance: i) Holder continuity and ii) that their 
discrete (closed) contour integrals are asymptotically zero as the lattice spacing tends to 
zero. As for the latter, it should be remarked that the details of how our particular Sn{z) 
exhibits its cancelations on the microscopic scale can be directly employed to provide the 
Cauchy-integral estimates. 

4.1 (cr, p)— Holomorphicity 

As a starting point - and also to fix notation - let us review the concept of a discrete 
holomorphic function on a hexagonal lattice. Let denote the hexagonal lattice at scale e, 
i.e., the length of the sides of each hexagon is e, so we envision e — n~^, where the hexagons 
are oriented horizontally (i.e., two of the sides are parallel to the x-axis). For now, let 
denote any collection of hexagons and Q : A^ — > C a function on the vertices of A^. For 
each pair of adjacent vertices in Ag let us linearly interpolate Q on the edges (so that in 
particular, Q as a function on edges when integrated with respect to arc length yields the 
average of the values of Q at the two endpoints): 

Then we say that Q is discrete holomorphic on A^ if for any hexagon G Ag with 
vertices (wi, . . . Vq) - in counterclockwise order with vi the leftmost of the lowest two - 
the following holds: 



That is, the usual discrete contour integral (by this or any equivalent) definition vanishes. 
By way of contrast, we have the following mild generalization pertaining to sequences of 
functions. 

Definition 4.1. Let A C C be a simply connected domain and denote by A^ the (interior) 
discretized domain given as A^ := U/i^ca ^^'^ : A^ — )■ C) be a sequence of functions 




Q dz. 
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defined on the vertices of A^. Here e is tending to zero and, without much loss, may be 
taken as a discrete sequence, we say that the sequence {Q^) is a-holomorphic if there exist 
constants < a, p < 1 such that for all e sufficiently small: 

(i) Qe is Holder continuous (down to the scale e) and up to ^A^, in the sense that there 
exists some > (envisioned to be small) such that 1) is Holder continuous in the usual 



with A^, iFel denoting the region enclosed by and the Euchdean length of F^, respec- 
tively. 

RemEirk 4.2. (i) Obviously any sequence of discrete holomorphic functions which also satisfy 
the Holder continuity condition are cr-holomorphic. 

(ii) There are of order jFel/e terms in a discrete contour integration but each term is 
multiplied by e and so in cases where IF^I = 0(1) (a contour of fixed finite length) IF^I need 
not be explicitly present on the right hand side of Equation (4.1). We have introduced a 
more general definition as we shall have occasion to consider contours whose lengths scale 
with e (specifically they are discrete approximations to contours that are not rectifiable) . 

(iii) From the assumption of Holder continuity alone, we already have that | Q dz\ < 
e'^'^'^, but on a moment's reflection, it is clear that this is quite far from what is necessary 
to provide adequate estimates for the integral around contours of larger scales that are 
amenable to the £ — > limit. 

We will now gather the necessary ingredients to establish that the (complexified) CCS- 
functions are (cr, p) -holomorphic. The arguments here are certainly not new: various ideas 
and statements needed are almost already completely contained in [15], [11] and [5]. 

Proposition 4.3 Let A denote a conformal triangle with marked points (or prime ends) 
B, C, D and let A^ denote an interior approximation (see Definition 3.1 of [5]) of A with 





(4.1) 
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B^,C^, the associated boundary points. Let Se{z) denote the complex crossing function 
defined on A^. Then for all e sufficiently small, the functions {S^ : — )■ C) are {cr,p)~ 
holomorphic for some a, p > 0. 

Proof. We will first establish, using some conformal mapping ideas, that enjoys Holder 
continuity up to the boundary; since arguments like this already appear in [4] and [5], we 
will be brief. Let us start with a pointwisc statement: 

Claim. Suppose we have a point A on the [D, B] boundary, then we claim that there is 
some A* = A* (A) (with 1 » A* » s) and a connected set A^a* C A^, also contained in 
the A* neighborhood of A^ and connected to A^, such that the following holds: there exists 
some a > such that for any z e A^a* , 

\S,{Z) - SMe)\ < 

Proof of Claim. Let z e and consider the S£{z) to be described by blue paths. Then 
it is clear that if there is a yellow path starting on [D^, A^] and ending on [A^, B^] which 
encircles z then events contributing to Se{z) and Se{As) occur together and there is no 
contribution to \Se{z) — Se{As)\. The power {\z — As\/A*y corresponds to having the order 
of I log(|2; — A^l/A*)! annuh (or coherent portions thereof) connecting the two parts of the 
[D^, B^] boundary with an independent chance of such a yellow circuit in each segment with 
uniformly bounded probability. Thus the principal task is to construct the reference scale A* 
in a manner which is uniform in e. While the entire issue is trivial when |^ — A^l, \B — B^l 
etc., are small compared to the distance between various relevant "points" on A, we remind 
the reader that under certain circumstances, the separation between these points and their 
approximates may be spuriously large. Thus wc turn to uniformization. 

To this end, let (/? : D — )■ A denote the uniformization map. Let denote a crosscut 
neighborhood of (p~^{A) which does not contain any of the inverse images of the marked 
points (fi'^lB), . . . nor, for e small, the inverse images of their approximates (fi~^{B£), . . . 
but which does (for e small) contain ip~^(As). Next we set Xa ■— X'^ n (p~^{As) so that 

^{XA)^^{x'^nip-\K)). 

Note that {(p~^ o 93) (X^) is itself a crosscut neighborhood of the image of A^ since A^ is an 
interior approximation; here (p,. denotes the uniformization map associated with A^. 
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z-A, 
A* 



Next let rn = ru{A^) be standing notation for the square centered at of side 11. Then, 
for A* sufficiently small, it is the case that (p^^ir^*) C Xa and it is worth observing that 
ip^^{d{rii n (p{Xs))) is a crosscut containing ^pj^^A^) for all IT < A*. 

But now, it follows that there is a nested sequence of (partial) annuli, down to scale 
I2; — contained inside ta*, within each of which there is a connected monochrome chain 
with uniform and independent probability separating z from A^. □ 

Prom the claim we have that corresponding to each boundary point of A, we have a 
neighborhood A*{z) in which we have Holder continuity and it is certainly the case that 

dA C IJ^gg^ A^A*(2), so by compactness there exist z^^\ . . . , z^''^ such that dA C |J^^^ Na*(zW)- 
Adding a few A^a(2)'s if necessary so that all neighborhoods have non-trivial overlap, this 
imphes the existence of some ip > such that N^{dA) C (J^^^ A^a*(z(^)) (here N^{dA) denotes 
the Euclidean ■0-neighborhood of dA). In particular, t/j < A*{z^^^),£ = 1, . . . , /c, so if £ <^ 
and z, e N^idA), then z, e Ar^*(,(0) for some £ and so \S,{z,) - S,{zP)\ < (^^^) • For 
Ze,Wir G A^ \ N^{dA), Izir — We\ < ip, there are clearly of the order logd^;^ — w^l/ip) annuli 
surrounding both Ze from and we obtain {zg — Wgl < ^^^^^^^ ■ 

Finally, the statement concerning the behavior of discrete contour integrals of can be 
directly found in [15] for the triangular lattice (also c.f., discussion in [2]) and in [11], §4.3, 
for the extended models. □ 



4.2 Cauchy Integral Estimate 

We will start by establishing a multiplication lemma for an actual holomorphic function with 
a nearly-holomorphic function: 

Lemma 4.4 Let be part of a {a, p) -holomorphic sequence as described in Definition 4-1- 
above. Let £ > and suppose is a discrete closed contour consisting of edges of hexagons 
at scale e. Let q{z) be a holomorphic function on A restricted to A^ (regarded as a subset of 
C). Next let 1 ^ D ^ e (both considered small). Then for all e > sufficiently small 

\(f> q-Qedz\< (llglloo • ^ + Ikllci • D'^) ■ (|Int(r,)| + |F,| • D). 
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Proof. Consider a square-like grid of scale D and let Rk denote the k^^ such square which 
has non-empty intersection with A^. Next we let 

7^:= 9(i?fenlnt(r,)). 

Note that 7^ is not necessarily a single closed contour, but each 7^ is a collection of closed 
contours. It is observed that if F is a function, then F dz — J^j^. F dz, where by abuse 
of notation, as mentioned above, each term on the righthand side may represent the sum of 

several contour integrals. Next let us register an estimate within a single region bounded a 
7fc, the utility of which will be apparent momentarily: 

Claim. Let G Rk (if Rk intersects dA^ then choose Zk in accordance with item (i) of the 
definition of cr-holomorphicity so that Holder continuity of Q can be assumed) . Then 

(T) q-Q dz = q{zk) - (f) Q dz + £k, (4.2) 

where 

\£k\<\lk\-\\q\W-D^+'' 

and to avoid clutter, we omit the e subscript on the Q's. 
Proof of Claim. Let us write 

Q{z)^Q{zk) + SQ{z). 

Similarly, let us write 

q{z) = q{zk) + 5q{z). 

We then have that 

(T) q-Q dz- q{zk) - (D Q dz ^ (j) 5Q - Sq dz + Q{zk) - (j) Sq dz. 
''Ik J Ik ''Ik ''Ik 

The second term on the right hand side vanishes identically by analyticity of q whereas the 
integrand of the first term, by the assumed Holder continuity of Q and analyticity of g, can 
be estimated via < ||g||ci ■ D - D"^ and the claim follows. □ 

Therefore we may write 

q-Q dz^^O) q-Q dz:^^ q{zk) - (b Q dz + '^Sk, 
'iTe k -^T* k -^Tfe k 
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where Zk is a representative point in the region Rk n Int(r£). We divide the error on the 
righthand side into two terms, corresponding to interior boxes - which do not intersect r^, 
and boundary boxes - the complementary set. 

Let us first estimate the interior boxes. Here, from the claim we have that the integral 
over each such box incurs an error of \\q\\c'^ ■ D'^^'^ since here |7jfc| < D. There are of order 
|Int(r£)| • D""^ interior boxes so we arrive at the estimate \\q\\c'^ ■ D"^ • |Int(r£)|. On the 
other hand, for boundary boxes, the contribution to the errors from the boundary boxes 
will certainly contain the original contour length IT^I- To this we must add < D x [the 
number of boundary boxes] corresponding to the "new" boundary of the boxes themselves 
that we might have introduced by considering the boxes in the first place. This is estimated 
as follows: 

Claim. Let M(r£, D) denote the number of boundary boxes - i.e., the number of boxes on 
the grid visited by F,. Then M < |r^|/L>. 

Proof of claim. Since arguments of this sort have appeared in the literature (e.g., [4], [9], 
[10]) many times, we shall be succinct: We divide the grid into 9 disjoint sublattices each 
of which indicated by its position on a 3 x 3 square. Let Mi, . . . ,Mg denote the number 
of boxes of each type that are visited by F^. We may assume without loss of generality 
that Vj, Ml > Mj. Let us consider the coarse grained version of as a sequence of boxes 
on the first lattice (visited by Fg); revisits of a given box are not recorded until/unless a 
different element of the sublattice has been visited in-between. Since the distance between 
each visited box is more than D it follows that corresponding to each visited box the curve 
Fe must "expend" at least D of its length, i.e., \r^\ ■ D > Mi > (1/9) • M and the claim 
follows. □ 

It is specifically observed that the additional boundary length incurred is at most com- 
parable to the original boundary length. In any case altogether we acquire an estimate of 
the order IF^I • ||g||ci • D^~^". We have established 

\J2^k\<\\q\\c^-D--{\lnt{T,)\ + \T,\-D). 

k 
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Finally, by item ii) of {a, p)-liolomorpliicity, 

J2 -i Qdz\< llglloo • e" ■ (|Int(r,)| • D-^ + |r,|). 

k -^Tfc 

This follows from the decomposition similar to the estimation of the 8^ terms with the first 
term corresponding to interior boxes and the second to boundary boxes. The lemma been 
estabhshed. □ 

We can now immediately control the Cauchy integral of a (o", p)-holomorphic function 
uniformly away from the boundary: 

CoroUciry 4.5 Let be part of a {a, p)-holomorphic sequence as described in Definition 
4-1 above. Let G^{z) be given as the Cauchy-integral of - as in Eq.(4.4) ~ over some 
(discrete Jordan) contour F^. Let z denote any lattice point in Int(r£) such that 

dist(^, Te) > di 

for some di > and let D ^ e (both considered small). Then for all e > sufficiently small, 
and any d2 < di, 



\Gs{z) - Qs{z)\ = \^.£ mo - Qe{z)) ■ ^ 



dC 



z 



< 



(4.3) 



Proof. This is the adaptation of standard arguments from the elementary theory of analytic 
functions to the present circumstances. Let denote an approximately circular contour 
that is of radius ^2 and which is centered at the point z. Let denote the contour F^ 
together with ~ traversed backwards - and a back and forth traverse connecting the two. 
We have, by Lemma 4.4, that 



where, in the language of this lemma, we have used H^Hoo ^ c?2 ^ \\q\\c'^ % d2^. Thus we 
write 
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we have that |£^2| is bounded by the right hand side of the penultimate display. So, subtracting 
Q£{z) in the form 



we have that 

\Ge[z)-Q,[z)\<\82\ + — (p dQ 

and the stated result follows immediately from the Holder continuity oi Q^- □ 

By inputing information on the required Cauchy-integral estimate now follows: 

Proof of Lemma 3. 5. We first recall the statement of the lemma: 
Let and he as in Proposition 3.2 so that 

where M{dfl) — 1 + a. For z & fl^ (with the latter regarded as a continuum object) let 

Jaaa Q-z 

Then for a\ sufficiently close to 1 there exists < P < a, p such that for all z e ^2^^ so that 
dist{z, dfl^) > di for some di > (a sublinear power of n) 



By Proposition 4.3, wc have that the functions S^{z) (with e = nr^) have the {o',p)- 
holomorphic property. In addition, we shall also have to keep track of a few other powers of 
e, which we now enumerate: 

i) let us define 6i > so that in macroscopic units we have 

\dn^\ :=£-°''i; 

ii) let us define 

d2 := e', 

for some s > to be specified later; 



37 



iii) finally, we define 

D := e\ 

where the role of D will be the same as in the proof of Lemma 4.4 (it is the size of a 
renormalized block). 

Plugging into Corollary 4.5, we obtain that 

- F^{z)\ <[£^ + ^)- (|int(af]°)| + \dn^\ ■ D) + (^ly 

"l 

_ g,p-(s+t) _|_ ^p-s-a&i _|_ ^tcF—2s _|_ g,(l+cr)t-Q;6i-2s , 

With (7 fixed, the parameters s, i > and d\ can be chosen so that all terms in the above 
are positive powers of e: set t — Act, where A e (0, 1) so that a > This choice of t 

imphes that (1 + a)t > a > t. Now let s > and 6i > be sufficiently small so that 2s < ta 
and abi < t so altogether we have the last two terms are positive powers of e. Next take t 
and then s and bi even smaller if necessary, we can also ensure p > s + t and p > s + abi. 
Finally, di can be chosen to be some power of e so that <^ di. 

□ 



5 Harris Systems 

5.1 Introductory remarks 

For many purposes, the pertinent notion of distance - or separation - is Euclidean; in 
the context of critical percolation, what is more often relevant is the logarithmic notion of 
distance: how many scales separate two points. These matters are relatively simple deep 
in the interior of a domain or in the presence of smooth boundaries. However, for points 
in the vicinity of rough boundaries, circumstances may become complicated. For certain 
continuum problems, including, in some sense, the limiting behavior of critical percolation, 
there is a natural notion for a system of increasing neighborhoods about a boundary point: 
the preimages under uniformization of the logarithmic sequence of cross cuts centered about 
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the preimage of the boundary point in question. This device was employed imphcitly and 
exphcitly at several points in the works [4], [5]. In the present context, we cannot so easily 
access the limiting behavior wc arc approaching. Moreover, in order to construct such a 
neighborhood sequence at the discrete level, it will be necessary to work directly with fin 
itself. 

We will construct a neighborhood system for each point in 9Q„ by inductively exploring 
the entire domain via a sequence of crossing questions. Our construction demonstrates (as 
is a posteriori clear from the convergence of S'„ to a conformal map) that various domain 
irregularities e.g., nested tunnels, which map to a small region under uniformization are, in 
a well-quantified way, also unimportant as far as percolation is concerned. 

5.2 Preliminary Considerations 

Let Q C C be a simply connected domain with diam(Q) < oo and let 2A denote the 
supremum of the radius of all circles which are contained in Q. Further, let D/^ denote a 
circle of side A with the same center as a circle for which the supremum is realized. We 
will denote by Qrn some interior discretization of fl, as before. For u G dQm we will define 
a sequence of segments the boundaries of which are paths beginning and ending on dfl^. 
As a rule, these segments separate u from Da- The dimensions of these segments will be 
determined by percolation crossing probabilities analogous to the system of annuli (of which 
these are fragments) investigated by Harris in [12]. We will call the resultant objects Harris 
rings. 

We will start with some preliminary considerations. Let Sq{uj) denote the smallest square 
centered at some u e dQ^ whose boundary is tangent to dD^. We set Ro{u!) :— So{uj) 00,^', 
the successive topological rectangles Ri{uj), . . . , Rkii^), ■ ■ ■ will be constructed via a non- 
trivial inductive procedure: 1) there will be deformations of the shape of the annular seg- 
ments; 2) the sizes of the smaller squares (location of the next boundary) will be determined 
by percolation crossing probabilities; 3) the basic shape will not always be a square centered 
at uj. 

We denote an annular ring fragment by e.g., ■— [Sm-i \ Sm] n Qm- We think of the 
segment as having four boundary segments, forming a topological rectangle. Part of our 
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inductive procedure involves a coloring - i.e., a determination - of portions of the inner and 
outer boundaries of Am as yellow, but the remaining boundaries, considered blue, will be 
portions of dQm- Indeed, note that the boundary dQ^ cuts through such a ring and thus 
the portion of interest (i.e., lying in flrn) is a topological rectangle and it is clear that there 
are dual crossing problems of say a yellow crossing plugging into parts of the ring from the 
original annulus, which we may consider to be the yellow boundary, and a blue crossing 
joining the said blue boundaries. 

Key in the definition is that for some < 'd < 1/2, it will be the case that the probability 
of a yellow crossing between the yellow segments of the boundaries and the probability of 
a blue crossing between the blue segments of the boundaries are both in excess of (and 
therefore less than 1 — i?) . 

We will describe what is fully required in successive stages of increasing complexity, 
but before we begin, let us dispense with some lattice details. While the definitions and 
conventions which follow are certainly not immediately necessary, we have elected to display 
them first since on the one hand such details are ultimately inessential but on the other hand 
may serve to foreshadow what is to come. 

Definition 5.1. The moral behind these definitions is that all lattice details should be 
resolved in as organic a way as possible via the definition of the percolation model of interest. 
The models of interest for us are hexagonal based: each model provides some smallest 
independent unit (abbreviated SlU) in the sense that such a unit (a subset of the lattice) 
can be stochastically configured independently and any smaller subset is correlated with 
some neighbor; in the case of hexagonal tiling the smallest such unit is simply a hexagon 
whereas for the generalized models in [11] the smallest unit can be either a single hexagon 
or a flower (which consist of 7 hexagons). All notions of neighborhood, self-avoiding, etc., 
then should be thought of in terms of the intrinsic definition of connectivity. (We warn the 
reader, however, that in the case of the model introduced in [11], path transmissions may 
take place over fractions of hexagons/flowers.) 

1. unless otherwise specified x y (with x,y & Jl^) means a monochrome percolation 
connection inside from x to y; 
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2. we shall often use descriptions like horizontal and vertical, and this should be un- 
derstood to mean the closest lattice approximation to either a horizontal or vertical 
segment (e.g., assuming hexagons are oriented so that there arc two vertical edges 
parallel to the y-axis, a horizontal segment of hexagons would just be a consecutive 
string of such hexagons whereas a vertical segment of hexagons would "zigzag" ) ; 

3. thus wc envision the plane as having been coordinatized by SIU, and if x = {xi, X2),y = 
{yi, y2) G are SIU, we will make use of the distance 

doo{x,y) = max{|a;i - X2\, \yi - ^2!}, 

understood to mean e.g., if yi — y2, then \xi — X2I is the number of hexagons/flowers 
lying between xi and X2 in the horizontal directions; 

4. if r is a lattice segment consisting of only (approximations of) horizontal and vertical 
subsegments, then ||r||oo denotes the maximum of the total horizontal length and the 
total vertical length; 

5. if r is a lattice segment consisting of only (approximations of) horizontal and vertical 
subsegments, then ||r||o denotes the minimum of the total horizontal length and the 
total vertical length; 

6. if r is a lattice segment, the lattice fc-neighborhood of F, denoted Nk(T), consists of 
all hexagons that can be reached from F by a lattice path of length < k; 

7. if F is a lattice segment with endpoints on two points of dD,m which divides dflm into 
two connected components ^ri^i) and ^r{z2) containing points Zi and Z2, respectively, 
then a successor of F is SNk{T) - by which we mean the "boundary" of the k^^ lattice k- 
neighborhood of F which in the case of hexagons should be a connected path consisting 
of edges of hexagons associated with the "boundary" , intersected with either %r{zi) or 
'^r(-22), so that a successor necessarily also connects two points of 9f2^; 

8. if F is a lattice segment as in the previous item, then sliding F in e.g., ^t{zi) means con- 
sidering successive successors of F in ^r(^i): 5Ni{T)r\^T{zi), 5iV2(F)n^r(^i), 5N^{V)r\ 

where it is tacitly assumed that these neighborhoods do not run into Zi] 
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9. we say that e.g., a box is contiguous with some lattice segment if it is the case that 
(the lattice approximation to) the boundary of the box overlaps a portion of the lattice 

segment; 

10. we say that e.g., a box is flush against some horizontal segment if the bottom or top 
boundary of the box overlaps an end portion of the lattice segment: e.g., the right 
endpoint of the segment coincides with the right end point of the bottom boundary of 
the box. 

Let u G dQm and note that since dQm H dD^ = whereas dD^ has non-trivial intersec- 
tion with dSo{uj), we can declare the first yellow segment of the boundary, denoted Yq, to 
simply be the connected component of dSolou) fl dD^ in Jl^. 

One of the properties we will require of our Harris regularization scheme is that ou can 
be connected to £)a via a sequence of boxes whose size do not increase or decrease too 
fast; the boxes themselves will be comparable in size to that of the Harris segment within 
which they reside. Dually, cu can be "sealed off" from Da by the independent events of 
separating chains which have an approximately uniform probability in each segment. Thus 
we envision an orientation to our constructions leading from Da to ou. (Indeed, it is this 
orientation which permits us to choose the appropriate components to be colored yellow at 
various stages of the construction.) Moreover, from these considerations, it emerges that 
only the first O(logn) of these segments are relevant for the percolation problem at hand. If 

has a smooth boundary this would be, in fact, all of them; under general circumstances, 
the configurations in the region beyond the first O(logn) segments has negligible impact on 
the percolation problem at hand. 

5.3 Preliminary Constructions 

It turns out that in order to acquire the necessary quantitative control on the domain, we 
in general have need for three types of constructions, which we will call the S'-construction, 
the Q-construction and the i?-construction. We will describe them in order as they require 
more and more detailed control on successive Harris segments. 
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The ^'-Construction. The starting point is the yS-construction, which involves concentric 
squares centered at ui. Consider a successor square S = S{uj) C 5*0(0;) which is concentric 
with Sq{u}) and consider all possible self-avoiding paths 

^ -.uj dS 

such that i) ^ C Q^, ii) ^ n dQ,rn — {^} and iii) once ^ leaves S it never re-enters S, so 
that the second portion of the path takes place entirely in \ -S". We then define the yellow 

segment of dS^ denoted Y^, to be the set of all exit points of all such paths 0^ on dS. We 
will now establish some topological properties of these yellow segments Y5. 
First we claim that 1^ is well-defined: 

Claim. All of Y5 belong to a single connected component in O^- 

Proof of Claim. First it is noted that dO^m may in general divide dS into many components, 
and it is clear that y{S) fills any such component which it has non-trivial intersection 
with. Suppose then that there are two such components and containing points zi,Z2 G ^^S", 
respectively. Consider paths ^1, ^2 associated with zi and Z2. Clearly, ^1 U ^2 together 
with the relevant portion of Yq form a loop inside and because of property iii) of ^1, 
inside this loop lies the entire portion of dS which connects Zi and Z2\ but since -21,2:2 are 
in different components (relative to dVLm) there exist points inside the loop which are part 
of dil^. This necessarily implies that some portion of the loop intersected dilm which is 
impossible since Yq ^\ and ^2 were all, purportedly, separate from the boundary. □ 

Next we have the following "partial ordering" property: 

Claim. Suppose Ys' is a successor to F^, then 1^ separates Y5/ from Yq in the sense that 
every path ^ : Ygi Y^ inside which does not intersect must pass through Ys- 

Proof of Claim. It is clear that we have some path F : Ys' Yq which intersects Ys, e.g., the 
latter portion of a path associated with Ys- Now if the separation statement in this claim is 
not true, then there exists a path F : Ys' ~^ Iq which is disjoint from Ys- But then the loop 
formed by F U F and the relevant portions of Ys' and Yq must enclose some point in dflm] 
this is impossible since fi^ is simply connected. □ 
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Given S, a successor square to So, and the corresponding yellow boundary Ys, the blue 
boundary is defined to be the portions of dflm connecting the endpoints of Yq and Ys. The 
topological rectangle formed by the blue boundaries and Yq, Ys will be denoted by Rs C 
[Sq{u!) \ S{uj)] n flrn ~ whcrc it is noted that the inclusion can be strict. Finally, the size of 
the successor square will be selected in the following way: we require the resulting topological 
rectangle R to be so that both the yellow and blue crossing problems satisfy definitive bounds. 
That this can be accomplished is the subject of the following lemma: 

Lemma 5.2 (Sliding Scales.) Let So{uj) be the square centered at some cu e 80,^ de- 
scribed above and consider successor squares contained in So{uj), which are generically de- 
noted S. Then the size of S can be adjusted so that the yellow crossing probability satisfies 

^ < P(lo --^Ys) <!-'&, 

where Q <'&< 1/2 is a definitive constant only depending on details of the percolation model 
and is such that P(lo ~^ u;) < 

Proof. Consider the procedure of sliding S inwards starting from 5*0 itself one step at a time, 
as described in Definition 5.1. It is clear by the separation claim concerning S that the cross- 
ing probabilities between the relevant yellow segments monotonically decrease. Furthermore, 
we may bound such a crossing probability from above by the crossing of a full annulus: the 
topological rectangle R of relevance is contained in the full annulus Sq\S hence a crossing 
of the full annulus certainly implies a crossing of R . Thus we see that these probabilities 
are bounded above by that of a one-arm event which in turn can be bounded by a power of 
the aspect ratios. Let us enumerate the successive sliding trials of S by S^^\ S'^'^\ . . . , etc. 
It is clear that for some £, F{Yo Ygn)) > 1-^ while P(Fo ^ ^"5(^+1)) < 1 - ^. Thus it 
is sufficient to show that P(lo ~^ > By the separation claim above (see also the 

introductory paragraph of Definition 5.1) if there is a requisite path at the i^^ level, then it 
is only necessary to "attach" one more unit of yellow to achieve the desired connection up 
through the {i+iy^ level. In the independent model this occurs with probability 1/2, while 
for the generalizations in [11], this occurs with some probability r > 0. Therefore, if 



then we are guaranteed that 'P{Yo ~^ Yg(e+i)) > The stated result has been proved. □ 

The Q-Construction. While we may envision a regularization where we inductively per- 
form the ^'-construction, yielding li, I2, ■ ■ ■ , it turns out that this is not sufficient to capture 
certain irregularities which may be present in the domain Vl - nor to achieve our purpose. 
This problem manifests itself on two levels: the successive yellow regions may be vastly 
different in length, as can be caused by a narrow tunnel suddenly leading to a wide region; 
on a more subtle level, there are cases where the (S-construction yields consecutive yellow 
regions which are of comparable size but the "effective" yellow region where the crossing 
would actually take place is in fact much smaller, which is again indicative of "pinching" of 
dVLm- In any case, the problem here is that, in essence, the process is proceeding much too 
quickly. The cure is then to reduce the relevant scales in order to slow the growth of the 
evolving neighborhood sequence. Geometrically this requires a re-centering and re-sizing of 
the basic shape we use to construct the crossing rectangle. 

To a first approximation, a successor square is not valid for us if it is the case that the 
yellow segment Y^+i is too large or too small relative to the separation between and 
Yfe+i, in which case we will instead consider annuli grown around some "effective region" 
determined by su&segments of Y^ and Ife+i. The notion of "effective regions" is made precise 
in the following lemma: 

Lemma 5.3 (Effective Regions.) Suppose we have successive yellow regions 1^,1^+1 in the 
S -construction, which are parts of the boundary of squares Sk{uj), Sk+i{uj), where the size 
of Sk+i{ijj) is such that the conclusion of Lemma 5.2 is satisfied. Denote the separation 
distance between Sk and Sk+i by J^. Then there exists some B with 1 < B < 00 and some 
subsegments Y^f ■* C Yfe, Y^'^^^ C Ffe+i with 

||y{e+)|| < . 7, 

II fc \\00) ||-'fc-(_l ||oo _ <-'fc 

such that all relevant crossing events are essentially determined within the rectangle formed 
by the effective regions; in particular: 

nyt^ - ^) > ^ - ^^ 

with 1? as in Lemma 5.2. 
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Proof. Let us choose the constant B to be such that the hard way crossing of a S by 1 
rectangle in either blue or yellow is less than i?^. Without loss of generality, let us envision 
the segments Y^. and l^+i to be, by and large, horizontal, with lying above Vfe+i. By 
construction of Y^, Yk+i, it is the case that the boundary of flm connects pairs of endpoints 
of Yk to Ife+i. Consider the path which is the portion of dfljn starting with the left 
end point of Y^ proceeding to the left end point of Ifc+i; similarly consider the path 
starting with the right end point of Yk+i and proceeding to the right end point of Yk. (It 
must be the case that fl = since otherwise no yellow crossing would be possible in 
the region enclosed by Yk and Y^+i. Indeed, and ^-re considered to be the left and 
right boundaries of the topological rectangle Rk — {Sk \ Sk+i) n $1^)- Let us now define 
to be the straight vertical segment joining Yk and Yk+i which intersects the rightmost point 
of inside the region bounded by Yk and Y^+i and similarly define for 

We now observe that the horizontal distance between F^ and F^ cannot exceed B ■ Jk'- 
first if F^ were to the left of F^, then the relevant yellow crossing probability in Rk would 
be bounded from below by the easy way crossing of the B • Jk x Jk rectangle bounded by 
F^, F^, Yk, yjfc+i which by choice of B would exceed 1— ■j?^, but by Lemma 5.2, Rk is constructed 
so that this yellow crossing probabihty is at most \ — On the other hand, if F^ were to 
the right of F^., then any yellow crossing must traverse a horizontal distance at least B ■ Jk, 
which by choice of B is less than -d"^, again contradicting the choice of as in Lemma 5.2. 

Next we will extend the horizontal region defined by F^ and F^ by an additional B ■ Jk 
on each side. (We do this if space is available; otherwise Yk, Yit+i are already comparable 
to Jk.) We denote the bounding vertical segments by 7^,7r, the resulting yellow regions 
by Y^'^\y^I\^ and call the regions bounded within the effective region. We now argue 
that the yellow crossing actually occurs inside the effective region, with high "conditional" 
probability. 

Consider the event 9 := {Yk -w Yk+i} \ {Y^^'^^ -w We claim that the event 9 

implies the existence of both a blue and a yellow crossing of aspect ratio at least B. First 
consider the case where F^ is to the left of F^. Here non-existence of a yellow crossing in the 
effective region implies a blue crossing between some point on and 7^, whose probability 
is bounded by the hard-way crossing oi a B • Jk x Jk rectangle; finally a yellow crossing in 
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the original Rk conditioned on such a blue crossing must traverse horizontal distance at least 
B ■ Jk. Similarly, if is to the right of F^, then the occurrence of ^ implies a similarly 
long blue crossing and an even longer yellow crossing (traversing horizontal distance at least 
2B ■ Jk). By choice of B, we obtain that P(^) < 'i?^, and the final claimed result follows. 

□ 

Let us now describe the rc-ccntcring and re-scaling procedure (going forwards): suppose 
that up to step k the S'-construction has been employed successivefuUy, i.e., 1) the successive 
yellow segments are all within 3S times the separation distance; 2) the crossing probabilities 
in the relevant rectangle satisfies the conclusion of Lemma 5.2. Now suppose that Yfc+i is the 
first yellow segment such that |Vfc+i| > 3-B ■ Jk- Let us again envision that Yk and l^+i arc 
primarily horizontal with Yk above Yk+i and consider the subsegment Y^*^^ C Yk+i)li-,lr as 
in the proof of Lemma 5.3; notice that since the horizontal distance between and 
(portions of forming the left and right boundaries of R^) cannot exceed B ■ J^., 7^ and 
7r must intersect dVtrn before they reach Y^, i-e., |7^|, |7r| < B ■ Jk- Finally, let us consider 
the topological rectangle formed by 1^, F^^^'', 7^, 7^ together with relevant portions of dVtm 
and define it to be Rk+i, with yellow segment 

Yk+i := 1;+? U U r,, 

where C 7^ is the portion of the 7^ connected to Y^*^^ before it hits dQ,rn and similarly for 
7r. First note that the probability of a yellow connection between Y^ and 7^ or 7^ is bounded 
by the probability of a long way crossing of a by i? ■ rectangle which by choice of B 
(again see the proof of Lemma 5.3) is bounded above by t?^. Thus from the construction of 
Yfe+i and Lemma 5.2 we have 

p(n n+i) < p(n ^ + < ^(n ^ n+o + d''<i-d + d\ 

On the other hand, the conclusion of Lemma 5.3 gives that 

P(n -w > P(y,^^^) -w Ytl,^) >^-^\ 

Altogether we have that 

^ _ ^4 < ^^Yk ^ Yk+i) < (1 - ^) - e\ 
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We will consider Yk+i to be the {k + 1)^* yellow segment. In order to define Yfe+2, we 
consider successors Tk^2 of Y^+i in the direction of uj (we refer to Definition 5.1 for the 
meaning of the direction associated to a successor of such a segment). More precisely, as in 
the case of the S'-construction, F^+i divides flrn into two components, (ci;), "^y, {Da), 
the connected component of uj and Yq, respectively; we then say that a successor is in 
the direction of ou if it is contained in ^^^^(u;). In particular, this implies that any lattice 
walk from cu to Yk+i must pass through Tk+2- Let us then consider all possible lattice walks 
^ : ^ Yk+i such that once it enters ^Yk+ii^^) never leaves; the set of points on Tk+2 
reached this way then constitutes (see the analogous Claims in the description of the 
(S'-construction) . 

The relevant blue boundary as before is defined to be the portions of dQjn connecting the 
endpoints of Y^+i and Tk+2- The topological rectangle formed by the blue boundaries and 
Yk+i, Yk+2 will be denoted Rk+2, where as before, we adjust how far into '^y^^^ (w) we slide Ys 
so that the crossing probability in Rs satisfy the conclusion of Lemma 5.2 (it is easily verified 
that the proposition is readily modified to accommodate topological rectangles formed this 
way, since the l^'s are slid toward uu one step at a time, as discussed in Definition 5.1). 

Next we must address the question of effective regions in this more comphcated geome- 
try. In this case, the separation distance Jk+i will be measured in the sup-norm distance: 
•4+1 = doo{Yk+i, Yk+2) and we compare ||Ffe+i||oo and 11^^+211 00 to Jk+i- We again employ the 
quantity B (which the reader will recall is defined to be such that the hard way crossing of a 
S by 1 rectangle in either blue or yellow is less than i?^). The analogues of the segments 
and Fr are clear: there are two disjoint portions S^r of dVlm which join endpoints of Yk+\ 
to Yk+2 and wc define F^, F,. to be either horizontal or vertical segments joining Y k+\ to Yk+2 
which intersect the "furthest points" of and in the region enclosed by Y k+\ and Yk+2- 
We can proceed to extend F^, F^ in either the horizontal or vertical direction (depending on 
the original orientation and in cases where only the vertical or horizontal length - but not 
both - exceed 3-B ■ Jk+\, we can extend one of them by IB - Jk+i and then not extend the 
other) and define the effective region accordingly. The rest of the argument proceeds as in 
the proof of Lemma 5.3. 

In general, we will also have to consider the case where \Yk\ > SB ■ Jk, in which case 
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we may (under conditions to be described later) need to re-center, re-scale and proceed 
backwards towards D/^. Let us record here that the topological separation statements from 
the S'-construction as well as the conclusions of Lemma 5.2 and Lemma 5.3 can be adapted 
to the cases where the Y^s are more general lattice segments: 

Lemma 5.4 Let ui e VLm be fixed. Let Y denote a connected lattice segment connecting two 
points of dflm, neither of which is u and such that Y fl D/^ = and F(Y u) < 'd with 
'd as in Lemma 5.2. The segment Y divides flm into two connected components, '^y(a;) and 
^y{Da), the connected components of ou and D^, respectively. Then 

i) successors ofY in ^y{i^) o-nd ^y{D/s) are ordered in the sense that if e.g., Yq is a 
successor of Y then any path ^ : lo -^Y which does not intersect dftrn rnust pass through 
Yq and similarly for successors in ^y{Da); 

a) the analogue of Lemma 5.2 remains valid: successively sliding Y in Cy (a;), it is possible 
to adjust the location of the successor Yq so that the yellow crossing probability satisfies 

d <¥{Y -^Yq) <l- 

Hi) the analogue of Lemma 5.3 remains valid: suppose Yq is a successor of Y and let 
J := doo{Y, Yq). Then there exists some 1 < B < oo and some subsegments Y^"^^ C Y, Yq^ C 
Yq with 

ll^^'^l|oo,||^^^||oo<3S- J 

such that all relevant crossing events are determined within the rectangle R with boundaries 

Y,Yq, the relevant portions of dVL„i, the analogues of T.f,T^ (forY) and tq^,tqi (forYq) as 
described above: defining Y :— Y^^^ U [Tr Ur^] and Yq := Yq^ U [tq^^Utq^^] to be the relevant 
yellow segments, we have 

1? - # < P(F Yq) <{1-^)+ d"^. 

We have similar results ifYQ is a successor ofY in ^y(i?A) ifY is such that ¥{Y 
Da) >l-^. 

Proof. It is clear from the paragraphs preceding the statement of the lemma that these 
statements, borrowed from Lemma 5.3, continue to hold for general polygonal segments. 
Particularly note that the procedures are symmetric in Y and Yq. □ 

49 



The i?-Construction. Our objectives will eventually be achieved by establishing the exis- 
tence of monochrome percolation connections between e.g., (the vicinity of) uj and the central 
region D/^. This will be accomplished by showing that there is a sequence of contiguous (see 
Definition 5.1) boxes leading from u) to D/^ such that each successive box has comparable 
scale. 

Suppose now that we are in the setting of Lemma 5.4, iii): Y,Yq are legitimate yellow 
segments after taking into account the effective region and renormalizing so that ||l^||oo < 
3B- J, ||Fq||oo < 3-B ■ J with J = doo(Y, Yq). Let us tile the region enclosed by Y, Yq (which 
we will denote by R) by boxes of size ■ J with some r > 0, then: 

Claim. There exists some fixed r = r{i)) > independent of the particulars of the region 
such that there is a connection between Y and Yq via boxes of size ■ J. Here by connection 
we mean that successive boxes share a side and no box is intersected by d^m, as discussed 
in Definition 5.1. 

Proof of Claim. Suppose no such connection exists for some particular r. Then necessarily 
there exists a box i?* of size 2"'' • J inside R such that f] R^ ^ $ and C) R* ^ $ 
(here again ^£ and denote the two pieces of dflm ( "left" and "right" ) forming the blue 
boundary of the topological rectangle R formed by Y, Yq and dflm)- 

Consider the r — 1 annuli around R^ of doubhng sizes: 2~^J x [2, 4, . . . , 2'']. In each such 
annulus, by weak scale invariance of critical percolation, a blue circuit independently exists 
with probability at least some X = X{-d) > and each such blue circuit, intersected with fi^, 
will connect to thereby preventing the possibility of a yellow connection between Y 
and Yq. Thus, 

P(F -w Yq) <(i-xy<'&- ^\ 

if r is chosen sufficiently large depending on contradicting Lemma 5.4, iii). □ 

Reiiicirk 5.5. Up to adding or deleting one layer of boxes (which at most introduces some 
fixed constants into our estimates) we may - and will - assume that the renormalized boxes 
are flush against F, Yq (see Definition 5.1). 
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Next consider the layer of boxes of scale J contiguous with Yq. By the previous claim 
it is the case that there exists at least one such box which can be connected to Y via boxes 
which are unobstructed by dVlm, let y'^q C Yq denote the portion of Yq consisting of sides 
of such boxes (intersected with Yq) which can be connected back to Y . Let us first observe: 

Claim. Y^Q is connected. 

Proof of Claim. Let ^ denote one connected component of Yq which can be connected to 

Y via boxes. First suppose that ^ does not share an endpoint with Yq: in this case on 
both sides of the boundary dVtm comes within 2~'^J of Yq, but then no box of J can 
connected to F, a contradiction. 

It follows then that ^ shares at least one endpoint with Yq, say the "left" endpoint (i.e., 
an endpoint of so that dO-m comes within J of Yq immediately to the "right" of the 
"left" endpoint of if this is accomplished by l^^i, then itself cannot be connected to 

Y by boxes, whereas if this is accomplished by l^^r^ then certainly no portion of Yq to the 
right of can be connected to Y via boxes (of scale 2~^J). We are forced to conclude that 
there can only be one such component and so Yq^ is connected. □ 

Our next claim is that far as a yellow connection to Y is concerned, it is sufficient to 
consider the subsegment Yq\ up to a very small change in the crossing probability: 

Claim. Let Yq^ be as above, then 

P(F Yq) >-&- 2-d\ 

Proof of Claim. If Y^q = Yq then there is nothing prove. Otherwise, as in the proof of 
the previous claim, let us assume that Yq^ shares its left endpoint with that of Yq and 
intersects the box, again denoted by R*, of scale 2~^J immediately to the right (endpoint) 
of Y^Q . Consider again the r — 1 annuli around i?* formed about R^. Then, just as in the 
proof of the penultimate claim, by the standard ( "Russo-Seymour- Welsh" ) estimates we see 
that the existence of a blue circuit (independently) in each of these annuli has probability 
in excess of some A = X{'d) > 0. Any one of these, together with J^,., certainly seals off the 
region to the right of Y^q from Y and so 

P(F-[Fq\FS^])<(1-A)'-. 
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Choosing, if necessary, the quantity r to be even larger than previously required, we can 
ensure that (1 - A)^ < □ 

Finally, we replace the yellow segment Yq by Y^q together with portions of dR^ so 
that it joins up with we will denote this portion of dR^ by Cq and note that clearly 
IICqIIoo ^ 2"'' J and P(F Qq) < by the same arguments as in the proof of the previous 
claim. 

We summarize the result of all our preliminary constructions in this subsection in the 
following theorem: 

Theorem 5.6 Let cu e dfl^ be fixed. Let Y denote a connected lattice segment connecting 
two points of dftrri) neither of which is ui and such that Y fl Da = o-nd P(y uj) < 
with < 1? < 1/2 as in Lemmas 5.2, 5.4. Successively sliding Y in '^vif^), suppose that the 

successor Yq is such that the yellow crossing probability satisfies 

1? < P(F ^ Fq) < 1 - i?, 

with •& as given in Lemmas 5.2, 5.4, ii). Next let B > be such that the probability of 
a hard way crossing of a B by 1 rectangle (in both yellow and blue) is less than 'd'^ and 
Y := F(^) U [Tr U T^], Fq := Y^^ U [tq,, U tq,,] be as in Lemma 5.4, Hi) and J := doo{Y,YQ). 

Then for r = r{'d) > sufficiently large (particularly, 2~'^ <^ B~^) there are further 
connected subsegments Y^^^ C Y, Yq^ C Yq and small segments (, (q connected to Y^^\Yq\ 
respectively, whose lengths are of order 2"^ J, such that 

y:=F^%C, Yq---y^q^^Cq 

are lattice segments which connect two points of d^lm andF{Y -w ^q) < ■j?^,P(yQ ~^ C) ^ ''^^ 
so that 

i) ^- 3^?^ < P(y Yq) < (1 - t?) + 't?^ + 2i?^- 

ii) all ofY^^Q can be connected to (all of) y'^^'' via boxes of size 2~^J completely unobstructed 
by dVtm; 
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in) it is the case that 

2-v < ||y||o < lli^lloo < 4s • J, 2-v < ||yQ||o < ||yQ||oo < 4s • j. 

Similar statements hold if Yq is a successor of Y in ^y{Da) provided Y is such that 
P(y Da) < 1?. 

Proof. The statements hold for both Yq and Y since the constructions and claims are clearly 
symmetric in Y and Yq so for item i) we simply add in the error incurred when applying 
the claims also to Y; item ii) follows immediately from the previous claims. Finally, as for 
item iii) the upper bounds follow immediately from Lemma 5.4, iii) since clearly ||l^||oo < 
ll^lloo + IKIloo < 45 • J (since ||C||oo ^ 2^^' J which is certainly less than BJ) and similarly 
for 1 1 I loo and the lower bounds are direct consequences of item ii). □ 

Remark 5.7. Recall that the goal is to ensure box connections all the way from Yq C dD/^ 
to the vicinity of cu. This boils down to the requirement that the conclusions of Theorem 5.6 
hold for all successive yellow segments and since both constructions could possibly change 
both a lattice segment Y and its successor Yq, the final inductive procedure will have to entail 
1) modifying two successive yellow segments in one step and 2) "backwards" constructions. 
These additions will be featured in the forthcoming section. 

5.4 The Full Construction 

Let Yq := dSQ{u)ndDA be as described before. If P(lfc ^ cj) > ■(9 for any k, then stop. Other- 
wise the base case is the construction (by successively performing the S, Q, i?-constructions) 
of the yellow segments Yq and Yi (both of which are lattice segments connecting two points 
of dQjn and Yi is a successor of 1^ in %^g{uj)) so that the conclusions of Theorem 5.6 (items 
i), ii), iii)) are satisfied. 

We will inductively construct 

-Po = ^0, -Pi = ^1, • • • , Pk-1 = Yk-i, Tk = Yk 

so that 

1) the conclusions of Theorem 5.6 hold for Pk-i and Tk, 
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2) the conclusions of Theorem 5.6, i), iii) hold for successive segments P^, P^+i, < £ < 
k — 1 and the conclusion of Theorem 5.6, ii) holds with the possibility of connections via 
boxes of size | ■2~'^Ji. 

(The second item is on account of a small detail which will become clear when we per- 
form the inductive step.) Here the letter P denotes what is considered a permanent yellow 
segment whereas T denotes temporary and subject to re-construction as described in the 
Q-construction and i?-construction sections in the previous subsection. As before we will 
denote by the separation between successive yellow regions: Jg = doo{Pe, Pe+i)- 

We next define T^+i to be a successor of in {cu) constructed so that the conclusion 
of Lemma 5.4 ii) on crossing probabilities (upper and lower bound by 1 — •&) is satisfied. 
We note immediately that this definition of Tk+i implies that Theorem 5.6, item i) for 
and Tfc+i is automatically satisfied. If it is the case that all the conclusions of Theorem 5.6 
arc satisfied for and ifc+i then we set Pk = Ti^, Pk+i = Tk+i and continue. 

Otherwise, if the cause for failure is only the violation of Theorem 5.6, item ii) (i.e., the 
availability of box connections from to Tfe+i) then we may carry out the modifications 
detailed in the ^-construction section for T^+i to yield Tfe+i and set P^ = Tf;, P^+i = T^+i 
and continue. (Indeed, by the inductive hypothesis, we already have the appropriate box 
connections up to T^.) 

We are left with the case that T^, T^+i violate Theorem 5.6, item iii). Here we will have 
to re-center and re-scale (as described in the ^'-construction section) and possibly have to 
proceed backwards towards Pk-i (i.e., towards Yq). More precisely, by the choice of r (so 
that < B) it cannot be the case that the lower bounds are violated so we must have 
either ||Tfc_|_i||oo > 3-B ■ Jfc or ||Tfc||oo > 35 • (or both). Here a backwards construction 
towards Pk-i may be required (especially now if HTfeHoo > 3-B • J^) since the effective region 
^ may be much smaller than (and hence Jk-i) implying that more yellow segments 
are needed between T^+i and P^-i so that successive yellow segments have lengths which do 
not exceed their separation by too much. 

In any case, consider the topological rectangle Rk formed by the effective regions \ 
as in Lemma 5.4, iii)) and the corresponding T^^^^^ after performing the ^-construction, 
so that the conclusions of Theorem 5.6 hold for ^fc^^^T^+i''- If it is the case that the con- 
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elusions of Theorem 5.6 also hold for Pk_i,T^^^^ then we set Pk = T^^^\Pk^i = T^'^_^_i and 
continue. 

Otherwise, it must be the case that ||T;^'^^||o < _i so that there cannot be a legit- 
imate box connection from Pk-i to T^^ Let us now perform the backwards construction. 
First set Qi :— t'^^^^ and construct shding Harris rings starting at this scale going towards 
Pk-i'- consider successive successors of Qi in ^q^(Da) and perform the Q, i?-constructions 
to yield Q3, . . . , Qe+2 so that the conclusions of Theorem 5.6 hold for successive Q's (here 
successors have larger index) where the index £ is defined by the fact that (^^+2 lies in the 
region enclosed by Pk-i and Pk-2- We claim that £ is well-defined and finite: 

Claim. It is the case that \\Qi\\o > Jk-i for 2 < / < £ + 1 and therefore £ < 00. 

Proof of Claim. It is sufficient to observe that Q2. • • • , Qe,+2 all he strictly in the region 
determined by Pk-\^T^ C and relevant portions of dVLm and so if the stated bounds 
were violated, then comes closer than 2~^Jfc_i to itself, contradicting the inductive 
hypothesis that there is a box connection with boxes of scale 2"'' Jfc_i between Pk-i and T^. 

Finally letting J^^^ := cioo(Q/, Qi+i), we have by Theorem 5.6, ni) that jf^ > > 
1^ ■ Jfc_i, for 1 < / < £, which directly imphes that £ - I < AB ■ T' < 00. □ 

Next we observe that this is sufficient for us to return to level k — 2 and hence the 
induction is complete: 

Claim. can be connected to Pk~2 by boxes of scale \-2~'^ Jk-2 without being obstructed 
by dVt^. 

Proof of Claim. First note that by the same argument as in the previous claim, since Q^+i 
lies in the region determined by Pk-i,Pk-2, it is the case that ||0^+2||o > '^~^Jk-2- By the 
inductive hypothesis we already have boxes of scale 2~^Jfc_i connecting back to Pk-2 so 
depending on the location of Qe+2 cutting down the scale of some of these boxes by half if 
necessary, we have the required connection. 

□ 

Finally we re-index so that Pk = Qe,Pk+i = Qe-i, . . . , Pk+e = Qi,Tk+e+i = 
The induction can now be continued towards ou, starting with Pk+e,Tk+e+i, provided that 
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¥{Tk+i+i ~^ a;) < ■»? - otherwise we stop. 

Remark 5.8. Let us record for later purposes that we may have gone two Q's and one 
rectangle too far in our backwards construction. Indeed, consider the crossing probability in 
the topological rectangle with yellow boundaries formed by and Pk-i' by fiat, the blue 
crossing probability would be too large and the yellow too small. 

Thus, as far as circuit events are concerned, we may bound the crossing probability from 
above by crossing of this rectangle (and then the next circuit event would be a crossing in 
the region formed by Pk-i, Pk-2)- On the other hand, as far as crossing events (say from 
the vicinity of ou to D/s.) are concerned, we will require crossings in the rectangles formed 
by Qe,Qe+i, then the rectangle formed by (5£+i,(5£+2 and finally the rectangle formed by 

Qe+2, Pk-2- 

Finally, note that this discrepancy cannot occur too many times since for each "back- 
wards" (towards Da) construction there is at least one "forward" (towards u) construction: 
if the induction stops at some Pl, then there are L — 1 rings around uj, and we may bound the 
probability of ou being sealed into dflm by say constructing blue circuits in at least {L — 1)/ 2 
of these rings. 

5.5 Consequences and Refinements 

We will now establish some consequences and properties of the the procedure described in 
the previous subsections. First let us define some terminology: 

Definition 5.9. Let Q C C be a bounded, simply connected domain and Vt„i some interior 
discretization of VL. For u G VLm-, consider the inductive construction as described, yielding 
Pl, P2, etc., until the crossing probability criterion between ui and the last is less than 'd 
indicating that we have approximately reached the unit scale. 

We will refer to the the topological rectangles formed by successive P^'s as Harris rings 
and the amalgamated system of these segments around uj the Harris system stationed at uj. 

For our purposes we will also need to show that for n sufficiently large, for the marked 
point corresponding to A, the relevant Harris segments have endpoints lying in the antici- 
pated boundary regions: 
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Lemma 5.10 Let Q C C be a bounded simply connected domain with marked boundary 
prime ends A,B,C,D e dD, (in counterclockwise order) and suppose Q„i is an interior 
approximation to Q with A^, Bm,Cm, Dm G dQm approximating A, B,C, D . Consider the 
hexagonal tiling problem studied in [15] or the flower models introduced in [11] (in which case 
we assume the Minkowski dimension of dVl is less than 2) and the Harris system stationed at 
Am- Then there is a number va such that for all m sufficiently large, all but va of the Harris 
segments are conduits from [Dm, Am] to [Am,Bm]- More precisely, under uniformization, 
there exists some rj > such that all but va = va{i]) of these segments begin and end in the 
Tj-neighborhood of the pre-image of A. 

Proof. Let : D ^ be the uniformization map with ip{0) = zq for some Zq G Da and let 
C^, Cb, Cc, Cd denote the pre-images of ^4, B, C, D, respectively. Let rj > denote any number 
smaller than e.g., half the distance separating any of these pre-images. Let A^^(Ca) denote the 
77-neighborhood of A and let {r^, r^} denote the pair Nj^{Ca) H 9D with in between (a and 

and between (a and Cb- Similarly, about the point Cc we have A^^(Ca) ri9D := {sd, Sf,}. 

We denote by the continuum crossing probability from [Ca, ''^d] to [sd, Cc] (with (D;(a,Cc, 
Sd, rd) regarded as a conformal rectangle) and similarly for the continuum crossing proba- 
bility from [rb, Ca] to [(c, Sb]- It is manifestly clear that these are non-zero since all relevant 
cross ratios are finite. 

Now consider Q as a conformal polygon with (corresponding) marked points (or prime 
ends) A, Rb, B, Sh, ■ ■ ■ Rd and Qm with marked boundary points Am, ■ ■ ■ Rb^ the relevant 
discrete approximation. It is emphasized, perhaps unnecessarily, that this is just Qm with 
A, B, C, D and with four additional boundary points marked and added in. It follows by 
conformal invariance and convergence to Cardy's formula that the probability of a crossing in 
Qm from [Rb^,Am] to [C^, Sb^] converges to % and similarly for the crossings from [Am,, Rdm] 

to [Sdm, Cm]- 

We shall need an additional construct, denoted by $m which is best described as the 
intersection of three events: (i) a yellow connection between 9I?a and [RdmJ^dm]^ (ii) ^ 
similar connection between ODa and [RbmJ^bm] and (iii) a yellow circuit in \ Da- It 
is observed that the intersection of these three events certainly implies a crossing between 

[Rdm,SdJ and [Rbrr.,SbJ- 
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It is noted that item (iii) has probabihty uniformly bounded from below since Da is 
contained in a circle twice its size. As for the other two, we must return to the continuum 
problem in D. Let £ C D denote the preimage of under uniformization with correspond- 
ing evenly spaced boundary points pi,P2,P3 and p4. Let us pick an adjacent pair of points - 
conveniently assumed to be pi and p2 - which may be envisioned as approximately facing the 
[sd, Td] segment of dD. We now connect and pi with a smooth curve in D and similarly for 
Sd and p2. It is seen that these two lines along with the [sd,rd] portion of and the [^1,^2] 
portion of S are the boundaries of a conformal rectangle. We let ^d denote the continuum 
crossing probability from [pi,P2] to [s^jT^] within the specified rectangle. 

We perform a similar construct involving p^, p^, Sf, and and denote by =$fb the corre- 
sponding continuum crossing probability. Thus, as was the case above, in the corresponding 
subsets of flm, it is the case that as m ^ 00, the probability of observing yellow crossings 
of the type corresponding to the aforementioned crossings in (i) and (ii) tend to ^d and 
respectively. (While of no essential consequence, we might mention that at the discrete level, 
the relevant portions of 9Da may be defined to coincide with the inner approximations of 
the subdomains we have just considered.) 

Let us call the intersection of all these events: $m and the pair of [Rh^,Rd^] ^ 
[Sbrr^jSdm] crossings (corresponding to % and Then we have, uniformly in m for m 
sufficiently large, 

for some a = a^r]) > 0. 

We next make the following claim: 

Claim. Consider the event that there is blue path beginning and ending on dQm that 
seperates from Da- Then, if the event G^n also occurs, it must be the case that (modulo 
orientation) the path begins on [i?^^,^!^] and ends on [Am,Rd^]. 

Proof of Claim. To avoid clutter, we will temporarily dispense with all m-subscripts. Note 
that since we have divided the boundary into six segments, there are | • 6 • 7 = 21 cases to 
consider and, therefore, twenty to eliminate. Let us enumerate the cases: 
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o A crossing from [C,A] to [Rb, Sb] or from [A,C] to [Sd,Rd] (5 cases): each possibility 
is prevented by (at least) one of the yellow crossings between the segments in [i?^, Rb] and 
[Sb, Sd]- 

o Corner cases, e.g., [C,Sd] to [Sd,Rd] (4 cases): recalling that the blue path must 
separate Da and A, these are obstructed by the yellow circuit about Da which is connected 
to the opposite R • S boundary, which in this example corresponds to [Rb, Sb\- (We note that 
these circuits are constructed precisely to prevent the possibihty of connections "sneaking" 
through -Da-) 

o An [Rd,Rb] segment connected to a [Sb,Sd] segment (4 cases): these are prevented by 
the yellow crossing from [Sd, Rd] to [Rb, Sb\. 

o Diagonal (same to same) paths, e.g., [C, Sd] to [C, Sd] (6 cases): recalling the separation 
clause, these are obstructed by the connection of the circuit around Da and its connection 
to whichever - or both - R ■ S segment which is not where the blue path begins and ends. 
In this example this corresponds to both [Sd, Rd] and [Rb, Sb]- 

o Finally, [Sd, C] to [C, Sb] : this is the same as the previous case. 
The claim is proved. □ 

With the above in hand, the rest of the proof of this lemma is immediate. Let v'^ denote 
the number of Harris segments in the system stationed at Am which do not begin on [Rb^ , A] 
and end on [A, Rdm]- (I-C-, the twenty cases treated above.) Letting denote the event of 
a blue circuit of the type described in the claim, we have 

1 - a > 1 - P(G^) > P(B^) > 1 - (1 - i^y'^ 

which necessarily implies v'^ is bounded above (independently of m) by the ratio log a/ log(l — 
-d). Clearly, v'^ > va as in the statement of the lemma so the result has been established. 

□ 
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